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Abstract—Under Gaussian assumptions, the sample covariance
matrix (SCM) is encountered in many covariance based processing
algorithms. In case of impulsive noise, this estimate is no more ap-
propriate. This is the reason why when the noise is modeled by
spherically invariant random vectors (SIRV), a natural extension
of the SCM is extensively used in the literature: the well-known
normalized sample covariance matrix (NSCM), which estimates
the covariance of SIRV. Indeed, this estimate gets rid of a fluctu-
ating noise power and is widely used in radar applications. The aim
of this paper is to derive closed-form expressions of the first- and
second-order moments of the NSCM.

Index Terms—Estimation, normalized sample covariance ma-
trix (NSCM), performance analysis, spherically invariant random
vectors (SIRV).

I. INTRODUCTION

IVEN independent identically distributed observations
Gof a zero-mean complex Gaussian random vector, the
sample covariance matrix (SCM) is the maximum likelihood
estimate of the data covariance matrix. It is well known that
the SCM is complex Wishart distributed, unbiased, and its
second-order moments have simple expressions. The full
statistical characterization of the SCM allows performance
analysis of numerous algorithms relying on this estimate. How-
ever, this widespread estimate is no more appropriate when
observations are not Gaussian. This is, for instance, the case
for radar clutter returns [1], [2], radio fading analysis [3], or
sonar interferences [4]. In these contexts, spherically invariant
random vectors (SIRVs) have been appropriately used in mod-
eling non-Gaussian problems. A SIRV is a complex compound
Gaussian process with random power. More precisely, a SIRV
c [5] is the product of the square root of a positive random
variable 7, called the fexture, and a m-dimensional independent
zero-mean complex Gaussian vector x with covariance matrix
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¥ normalized according to tr(X) = m, where tr(.) is the trace
of a matrix

c=7x.

The notation x ~ CN(0, ) means that x is a zero mean com-
plex Gaussian vector with covariance matrix X. In this paper,
we consider the estimation scheme of ¥ from N independent
SIRV observations, ¢ = /7TxX, for k = 1,..., N. In this
context, we analyze the statistical properties of the well-known
normalized sample covariance matrix (NSCM), introduced in
[6], defined by

i m Ckckl,{
=N H
N = Ci Ck

N

_mickcf_mixkxf (1)
N 2 Tleell? ~ N & Jll?

where f denotes the transpose conjugate operator. Notice that
the NSCM does not depend on the texture. The central limit
theorem ensures that the NSCM is asymptotically Gaussian but
first and second order moments of this estimate never appeared
in the literature. Thus the goal of this paper is to fill these gaps
when the ¥-eigenvalues are distinct, i.e., the most common and
realistic case.

II. FIRST- AND SECOND-ORDER MOMENTS OF THE NSCM

In this section, we present the main results while computa-
tional details are provided in the Appendix.
Let us introduce the eigenvalue decomposition of ¥

¥ = UAUY = Z Apupuld )
k=1

where A is the diagonal matrix of the X-eigenvalues, A1 >

. > Ay > 0, and U is the unitary matrix of the X-eigen-
vectors. Notice that we assume that all eigenvalues Ay, ..., A,
are strictly positive and different, i.e. their multiplicity order is
1. We note E[.] the statistical mean.

Theorem: The first-order moment of the NSCM is given by

E[S] = mUAU? 3)
where
= log A,, — log A\ 1

b= doh | 208 4
k Z; k ( N A )\n> 4

ntk
dn = [T =2/ )

p7n
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and where A is the diagonal matrix of the é;’s, with 61 > ... >
Om > 0.
Proof: See Appendix 1.

Remark 1: This theorem provides as a by-product the eigen-
decomposition of [E[2] It shows also that E[X] and X share the
same eigenvectors but have different eigenvalues. Consequently,
the NSCM is a biased estimate of X.

Remark 2: The NSCM preserves the ordering of the
eigenvectors.

Let us denote vec(.) the operator which reshapes a m x n
matrix elements into a mn column vector. Let us note v =
vec(X) and introduce the two matrices

= E[vv?] and V, = E[vv7] (6)

from which the covariances of the real and imaginary parts of
the NSCM are straightforwardly derived.
Theorem 2: The NSCM is asymptotically Gaussian and

p=1k=1
X vec (upuf) vec (ukuk )H
2 m m
+ mﬁ Z Z wyrvec (wpuy ) vee (wpuy’)~ (7)
=i
m2 m m
Vs, = W Z Z (wpk + (N — 1)6p5k)
p=1k=1
) vec (wpuf!)”

+ % Z Z Wpk Ve (upukH) vec (ukuf)T (8)

=il
where
= d A - N
Whk Z k( PYESWERERD W v w B
7¢L
Wpk = Z dnﬁ}pknv fOT'p 7£ k (10)
nZp
n#k
with
i d Qe A =220  log(An/Ay)
phn = ApAk A2 (A, —Ap)? (An=Ap) (An = k)
Ak (An = Ap) 10g (A /Ap) 2
2 — . — .
' [ O A0y o)t | A= A=Al o AD

where 0,, and d,, are, respectively, defined in (4) and (5).
Proof: See Appendix II. [ |

III. CONCLUSION

The closed-form expressions of the first- and second-order
moments of the NSCM for SIRV modeling have been pro-
vided in this paper with full detailed proofs. These analytical
equations are essential for analyzing performance of signal-pro-
cessing methods based on NSCM: detection schemes in radar
applications and direction of arrivals estimation in array
processing.

IEEE SIGNAL PROCESSING LETTERS, VOL. 14, NO. 6, JUNE 2007

APPENDIX |
PROOF OF THEOREM 1

Using the eigen-decomposition of (2), let us whiten x ac-
cording to y = A™'/2UHx. Hence, y CN(0,T) and
xxH

1]

—UAV2YY yy AV2UH .
y? Ay

The NSCM (1) statistical mean can be rewritten as

E[Z] = mUAY?E [ } AY?UH, (112)
yHAy

Each component y;, of y is a zero-mean unit variance circular
complex Gaussian variable and can be expressed as

1 .
yr =/ 5)(% exp(ify),

where x7 is Chi-squared-distributed with two degrees of
freedom, 6y, is uniformly distributed on [0, 27]. All the x3’
and 6;’s are two-by-two independent. It follows that (I. 12)

yields
E[S]=mY ME lxz Z)\nxi] wul.
k=1 n=1

Let us set

O =

E | Mexi ZAnxn] =E [1+X2/X1] (L13)

where X7 = A\pxs and Xo = D n=1 AnX2.
The pdf of X, has to be derived to complete the proof. Since

all x7’s are independent, the characteristic function of X is
— i -1 _ Cn
bx,(u) = 11(1 —2iApu) T = Z:l [ 2ia
ik ik
where ¢, = H?;l (1 — (A\p/An)) L. Thus, the pdf of X»
follows p#k
(z) = 1§~ >0 (L14)
pPx, (T 721/\ep 2An , T2 U .
ntk

So, the density of X5 is obtained by the weighted sum of the
densities of \,, x2 by the coefficient c,,. Now, the pdf of the ratio
Xo/X; is a weighted sum of Fisher-Snedecor (F) laws

Xm:an" <1+A—’“

n=1
n#k

and after some manipulations, (I.13) yields

- A /A 1
b= S (5 00+ T )

n=1

ntk
It remains to show that 6 > ... > 6,, > 0. First, the 6;’s,
defined in (I.13), are strictly positive. Now, let us consider the
following function for z > 0 and y > 0:
v) dudv.

1/ U u +
- exp [ —
4 ] zu+yv+w P 2

2
R

-2
PX)/X1 > , >0 (.15

fm(:v-,y) =
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It follows from (I.13) that we have §;, =
5p = [Ew[fw()\pa)\k)], forw = Z%:l

n#k

Euw[fuw(Ak, Ap)] and
Anx?2, and where Eul]

stands for the statistical mean relatgﬁpto w. To show that 65 <
bp, we prove that f, (A, Ap) < fuw(Ap, Ag) for all w, assuming
Ak < Ap. Let us define the functions

fl(t) = fuw ((1 - t))‘p + Ak, )‘p)

fZ(t) = fw ()‘pv (1 - t)/\p + f/\k)
which verify f1(0) = f2(0), f1(1) = 6k, and f2(1) = 6,. To
demonstrate that ;, < 6,, we show hereafter that f; and f, are,

respectively, strictly decreasing and strictly increasing functions
of ¢ on the interval [0,1]. We have

O fw 1 u(yv +w) ()2
o ($7y)_4/(xu+yv+w)ze dudv > 0
R
afw 1 vru —(utv)/2
—— (x. = — = - V)< dud 0
Ay (z,9) 4/(:cu+yv—|—w)26 <
R
from which we obtain
dh _ <%> (A —Ap) <0
d 9T/ (1-)rp+tre Ap)
df2 _ (%) (Ak = Ap) > 0.
dt Y ] (ap (1=t)x,+800)

In summary, 6, < 6, for any k, p such that A, < A,. This
completes the proof of Theorem 1.

APPENDIX II
PROOF OF THEOREM 2

By expressing the variance of the NSCM as a linear combina-
tion of functions of the ¥-eigenvectors, we compute the statis-
tical means of the coefficients. Equations (1), (3), (6), and (I.12)

lead to
H
m? < xH x,xH2
V1:— E VQC< k)vec iy
e gg Bk 2
m m
= W Z { [wp]nk + - 1)(5 b, (5( )(5(71 — k)]
p,j,n,k
X vec (upuf) vec (unukH)H }
where
ApAjAn A

(Zt:1 )‘tXt)

and 6(.) is the Kronecker delta. The 6’s being independent uni-
form variables, the last term of previous equations is zero unless
p=7,k=mnorp=mn,k =7, which leads to

= % Z Wpr+ (N —1)6,6r] vec (upuH) vec (ukukH)H
Pk

V)

m N H
W Z Z Wp Ve upu,C ) vec (upukH)

p=1

=
s =

=

where

(I1.16)

m 2

n=1

This is (7) of Theorem 2 and (8) is derived from the same rea-
soning. Concerning (9), one has, from (II.16), for p = k, wg, =
E[(1+X2/X;) 2], where X; and X are defined in (I.13). Thus
wir = [ (14 2)~?px, /x, (z)dz. Equation (10) is derived
further. The proof needs some results related to exponential in-
tegrals introduced hereafter.

EXPONENTIAL INTEGRALS AND RELATED FUNCTIONS

From [7, p. 228], let us recall the definition of the exponential
integral

+o00
E.(2) = (z) >0
1
S (=Dmen
Ey(z)=—~y—Inz— ZW (11.17)

n=1

where R(z) denotes the real part of z and ~y is Euler’s gamma
constant. Let us introduce the real function

+oo

F,(a,z) = / t"e” " Ei(t)dt, n €N, x > 0,a > —1.

’ (II.18)
Let us show that the integral involved in the definition of
F,(a,z) is well defined for z > 0 and ¢ > —1. From [7, p.
229], we have e E1 (x) < log(1 4+ 1/x) for 2 > 0, which leads
to

0< F,(a,z) <log(l +1/x)z" M a, ([a + 1]2)
where the function o, (y) = f1+°° t"e Yidt, n € N, is defined
for y > 0, see [7, p. 228]. In conclusion, function Fy,(a, z) is
well defined for z > 0 and (a + 1)z > 0, i.e., for x > 0 and
a> —1.

We are interested in the limiting values of F),(a,z) when z
tends to zero. Integration by parts leads to

n

F.(a,z) = —e ““Fy(z)+ ﬁFn_l(a,x)
a

n

—%an,l (la+1]z) (IL19)

where a,,(y) is given by [7, p. 228]

1 y? y"

— 10—l —y g L
an(y) =nly e <1+y+2!+...+n!>.
Equation (IT1.19) combined with lim,_o2"Ei(x) = 0 for
n > 1 which results from the series expansion (III.17) with
lim, g Fo(a,) fR e~ B (t)dt =1In(1 4+ a)/a, see [7, p
230], and with the above expression of a, (y), leads to

. In(1+ a) 1
ilir}]Fl(a,x)—Fl(%O)— a2 B a(l+a)

_ 2In(1+ a) 3a+2
ll_r)% Fy(a,z) =F5(a,0) = a3 - a2(1 4 a)2'

(I11.20)
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END OF PROOF OF THEOREM 2 (w,, FOR p # k, SEE (10)) with t4 =[5 ape” = AD2E (\z, + M)

It remains to compute (II.16) to complete the proof of The- /2An)dzy.. By a change of variable, £, is rewritten as

orem 2. Let us write wyr, = E[(1 + X2/X;)~"] with X; =

=z oo At
AeXi + Apx2 and Xo = 3 net AnX?2. A pdf decomposition ty = 2:\_271 / 2\t — )\pa:p){%(k;_ﬁ)l?l(t)dt
- n#p
similar to (I.14), but for X, provides * apep

2An

_ 2 npmp/2/ 0=/ A)
2

m m s —1
wpe = 3 Spen ] (1— A—J) ava2n =

n=1 j=1
n#p j#En A Ak A AT
n#k i%p X220 Py | -1, 222 ) )\ g Fo| 2 —1, 222 ),
%k [ 1</\k T 2M, ) P 0<Ak "2\,
_ 2.2 2 2 2327
where 8,k = ApAEXDXR/ (ApXs + At + Anxi)?] is and can be simplified with (IIL19) and with Fy(a,z) =
Ao Ae 2, mpe— @ tetTn)/2 e " Ey(z)/a — E1([a + 1]z)/a. The simplified expression of
Opkn = p8 / o 1; I W )deﬂpdaﬁkdwn. t4 allows to rewrite t3 as
pTp ntn
16)2 1
. . _ _ . ts= 5 73\ (/\2 Y [A2Fy(by,0) — AjF (by, 0)]
An analytic expression of 0,y is obtained by computing the n = Ak \AZ(An = Ag)
. | Th . .. . ) 32
above integra e previous equation is rewritten as - N , i\ _Fy(by. 0)>
A b2 no Ay
Opkn = tixpzre” TP TIR Sdy, dxy, (Iv.22)
R where b; = (\; — \,) /. for j = k, n. Finally, combining the
* previous result with (IT1.20), (IV.23) and (IV.24), one has
where ?51 = 0+°° e~ /2( Nz, +')\ka:k + AT ) 2dx,. Then, sy An(Ap + M) — 20 M0
by setting C' = A\, x, + Apxy, 1 is rewritten as pkn = Ap\k = A) (A = M) (Ap — )2
1 C C A2 log A\, Ap Ak log Ay
t1 = exp | —— 2\ =+ - 2 2 3
2,C 2 22 (An =22 = A2 (N — An)
_ 1 1 Cc exp o E, Cc y 22 0 — AMpAr — A2 _ Ap Ak
AnC 2\n 2\, 22, ) | Ap(An — Ap)? (Ap — Ap)3
2
where F7 and Es are defined in (II1.17). Now, by replacing ¢, % 2AeAn = Ap Ak — Ay log A, | .
in (IV.22), we obtain Ak(An = Ap)?
5o = Ap Ak <t2 _ Lt;;) Thanks to (IV.21), the previous equation provides (10) and (11).
b 8An 2Mn This concludes the proof of Theorem 2.
ty = / SV v :vp:v;;\ e_(mp'i'“)/zdmpdxk
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