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Fourier Analysis
Fourier Analysis is based on the universality of the concept of frequency:
• physical waves: acoustic, vibrations, geophysic, optic, electromagnetism, etc.
• periodicity of events: economy, biology, astronomy, etc.

Its mathematical structure which naturally lends itself to common
transformations such as linear filtering (complex exponential waves are
eigenvectors of the convolution operator) by translating them in a very
simple way.
Fourier analysis has led to the development of numerous algorithms,
processors and devices for frequency analysis.

Jean Baptiste Joseph Fourier (1768-1830)
• Had crazy idea (1807):
• Any periodic function 

can be rewritten as a 
weighted sum of Sines and 
Cosines of different 
frequencies. 

• Don’t believe it?  
– Neither did Lagrange, 

Laplace, Poisson and 
other big wigs

– Not translated into 
English until 1878!

• But it’s true!
– called Fourier Series
– Possibly the greatest tool 

used in Engineering

Fourier Transform: Signal decomposition onto eternal pure monochromatic waves
basis

x(t) =
∫ +∞

−∞
X(f ) exp (2i π f t) df where X(f ) =

∫ +∞

−∞
x(t) exp (−2i π f t) dt

Fourier analysis is well well adapted for stationary signals: signal whose spectral components do not
vary with time (pure monochromatic waves, linear combination of pure monochromatic waves)
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What Fourier Analysis misses

Lecture 1 – Introduction to JTFA

What the Fourier transform misses...

6

Non-Stationary Signals: signals whose spectral components vary with time

Most of the information is carried by the non-stationarities: starting, end, transients
Spectral analysis loses temporal information since it averages over time.
Local analysis approach: adapt the stationary tools (TF, linear model) to the variations
over time.
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Some Solutions for Non-Stationary Signals Analysis

A solution: Parametric methods on time slices of the signal.
Examples of parametric spectral methods: AR, ARMA, MUSIC:

Adaptive/evolving methods. Problem: need to estimate the order of the model on each local time
slices
A priori knowledge difficult to exploit on non-stationarities.

Alternative: Time-Frequency Analysis.
Global analysis of time-dependent spectral characteristics:

The problem of estimating the model order is avoided. Problem: choosing the type of analysis.
The analysis can play the role of a "model".
Difficulty of interpretation of the analysis (uncertainty principle, interferences).
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Instantaneous Frequency and Group Delay

First (simple) idea: define a local frequency (which depends on time)
Write the signal in terms of modulated amplitude and phase (positive frequency analytical signal):
x(t) = a(t) exp (iφ(t)) .

Phase variations define the so-called instantaneous frequency: fx (t) =
1
2π

∂φ

∂t .Examples
Monochromatic wave: the instantaneous frequency of the signal x(t) = cos (2π f0 t) is fx (t) = f0 (constant).
Chirp (linearly frequency modulated signal): the instantaneous frequency of the signal
x(t) = cos

(
2π
(
2 a t2 + b t + c

))
is fx (t) = a t + b

Dual notion: Group Delay
the frequency variations of phase of X(f ) = A(f ) exp (i ψ(f )) define the group delay (time dependent
on frequency):

tx (f ) = −
1
2π

∂ψ

∂f .

Example: the signal x(t) = δ(t − t0) as the group delay tx (f ) = t0.

8/35 J.-P. Ovarlez - PHD Days ONERA PHY - 15/01/2020 - Time-Frequency Distributions for Non-Stationary Signal Analysis



Introduction to Spectral Analysis Time Frequency Analysis Cohen’s Class and Weyl-Heisenberg Group Bertrand’s Class and Affine Group Some Applications

Presentation of Time Frequency Analysis

Linear Time-Frequency Analysis: Signal decomposition onto a dedicated basis

Time Analysis
(Shannon)

Spectral Analysis
(Fourier)

Linear Time-Frequency Analysis
(Gabor, Wavelets, Short Time)

PRESENTATION DE L’OUTIL TEMPS-FREQUENCE

7

Présentation de l’Outil Temps-Fréquence
But : Analyse des signaux non stationnaires (parole, radar, contrôle non destructif, ...)

Moyen : Décomposition du signal sur une base dédiée : analyse temps-fréquence linéaire

Analyse Temporelle Analyse Spectrale Analyse mixte Temps-Fréquence
Shannon Fourier Gabor, Ondelettes, Court terme
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z(t) =

∫ ∞

−∞
z(u) δ(u − t) du z(t) =

∫ ∞

−∞
Z(v) e2iπvt dv z(t) =

∫ ∞

−∞

∫ ∞

−∞
K(u, v) gu,v(t) du dv
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z(t) =
∫ +∞

−∞
z(u)δ(u − t) du z(t) =

∫ +∞

−∞
Z(v) exp (2i π v t) dv z(t) =

∫ +∞

−∞

∫ +∞

−∞
K(u, v) gu,v (t) du dv
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Linear Time-Frequency Analysis and Heisenberg Inequality

Heisenberg Inequality: For all signal window h(.) and defining the spectral bandwidth σh
f and the time

duration σh
t , we have:

σh
f σ

h
t ≥ 1

The Gaussian shape signal is the only signal verifying the above equality (σh
f σ

h
t = 1).

Good time resolution: σt = 0
Bad frequency resolution:

σf =∞

joint time-frequency
resolutions:

σt = σh
t and σf = 1/σh

t

σh
f σ

h
t = 1

PAVAGE DU PLAN TEMPS-FREQUENCE - RELATION 
D’INCERTITUDES

8

Pavage du Plan Temps-Fréquence - Relations d’Incertitude

• Inégalité d’Heinseberg : pour tout signal h, on a σh
t σh

f ≥ 1

• Le seul signal qui vérifie l’égalité est la gaussienne : σh = σh
t = 1/σh

f

Bonne résolution temporelle
σt = 0

Mauvaise résolution en fréquence
σf = ∞

Résolutions couplées :
σt = σh, σf = 1/σh

σt σf = 1

Shannon

temps

...

Ondelettes

fréquence

Gabor

Fourier

Mauvaise résolution temporelle
σt = ∞

Bonne résolution en fréquence
σf = 0

Résolutions couplées :
σt = σh/f, σf = f/σh

σt σf = 1

8

WaveletGabor

Shannon Fourier

frequency

time

Bad time resolution: σt =∞
Good frequency resolution:

σf = 0

joint time-frequency
resolutions:

σt = σh
t /f and σf = f /σh

t

σh
f σ

h
t = 1
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Advantages of the Time-Frequency Analysis
Readability, access to instantaneous frequency or group delay of signals, robust to noise

AVANTAGE DE L’ANALYSE TEMPS-FREQUENCE

9

Avantages de l’Outil Temps-Fréquence

Lisibilité, accès aux lois de fréquence instantanée ou au retard de groupe des signaux, résistance au bruit
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Building Quadratic Time-Frequency Distributions

Theory of operators: mean value of operator (observable) like in Quantum Mechanics
Theory.

+ Theory of multivariate probability density functions, Theory of copulas.

Goal: Designing a joint time-frequency distribution function P(t, f ) which
has to distribute the total energy Ez of the signal z(.) in the whole Time-Frequency plane:∫ +∞

−∞

∫ +∞

−∞
P(t, f ) dt df = Ez =

∫ +∞

−∞
|z(t)|2 dt =

∫ +∞

−∞
|Z (f )|2 df

has to retrieve the following marginal distribution functions:∫ +∞

−∞
P(t, f ) dt = |Z (f )|2 and

∫ +∞

−∞
P(t, f ) df = |z(t)|2
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Required Properties 1/2

Covariance Principle by action of a group: Consistency of the distribution Pz after a
physical transformation group T applied on the signal z(.) and on its dual representation
T ′Pz

z −→ Pz

T
y T ′

y
T z −→ T ′Pz = PT z

Examples: time translation, frequency translation (approximate Doppler effect), scaling
(true Doppler effect), rotation, Lorentz, etc.
Unitarity (Conservation of the inner product, Moyal Formula, Extended Parseval
Theorem): ∫ +∞

−∞

∫ +∞

−∞
Pz1(t, f ) Pz2(t, f ) dt df =

∣∣∣∣∫ +∞

−∞
z1(t) z∗2 (t) dt

∣∣∣∣2
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Required Properties 2/2

Access to the instantaneous frequency fz (.) and group delay tz (.) through marginalization:

fz (t) =
1
2π

∂φ

∂t =

∫ +∞

−∞
f P(t, f ) df∫ +∞

−∞
P(t, f ) df

and tz (f ) = −
1
2π

∂ψ

∂f =

∫ +∞

−∞
t P(t, f ) dt∫ +∞

−∞
P(t, f ) dt

,

Positivity,
Conservation of spectral and time signal supports,
Perfect time-frequency localization on some particular signals:

Monochromatic signals: z(t) = exp (2i πf0 t) −→ Pz(t, f ) = δ(f − f0),
Shock type signals: z(t) = δ(t − t0) −→ Pz(t, f ) = δ(t − t0),
Monocomponent frequency modulated signals:

z(t) = exp (iφ(t)) −→ Pz(t, f ) = δ (f − fz(t)) = δ

(
t −

1
2π

∂φ

∂t

)
.
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How to Build the Quadratic Time-Frequency Distributions

Building through kernel type model respecting as many required properties as
possible
In order to preserve the primary notion of energy distribution in the time-frequency plane, these
distributions are constructed on bilinear forms z(u) z∗(v) of the time signal (or, equivalently,
frequency Z (u) Z∗(v)):

P(t, f ) =
∫ +∞

−∞

∫ +∞

−∞
K (u, v ; t, f ) z(u) z∗(v) du dv

=
∫ +∞

−∞

∫ +∞

−∞
K̂ (u, v ; t, f ) Z (u) Z∗(v) du dv

The kernel K (u, v ; t, f ) (or K̂ (u, v ; t, f )) has to be determined according to the required
properties.
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Weyl-Heisenberg group and the Cohen’s class
Determination of the class of covariant solutions through the time and frequency translation
transformation group (Weyl-Heisenberg):

z(t) −→ Pz (t, f )
T
y T ′

y
z ′(t) = z(t − t0) exp (2i π f0 t) −→ Pz′(t, f ) = Pz (t − t0, f − f0)

Direct solutions: Cohen’s class parametrized by a 2D kernel ψ(., .) (or equivalently Π(., .)):

Pz (t, f ) =
∫ +∞

−∞

∫ +∞

−∞

∫ +∞

−∞
e2iπξ(s−t) ψ(ξ, τ) z

(
s + τ

2

)
z∗
(

s − τ

2

)
e−2iπf τ dξ ds dτ

=
∫ +∞

−∞

∫ +∞

−∞
Π(s − t, ξ − f ) Wz (s, ξ) ds dξ

where the central distribution Wz is the well known Wigner-Ville distribution:

Wz (t, f ) =
∫ +∞

−∞
z
(

t + τ

2

)
z∗
(

t − τ

2

)
e−2iπf τ dτ
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Some distributions of the Cohen’s class
LES PRINCIPALES DISTRIBUTIONS DE LA CLASSE DE 

COHEN

16

Les Principales Distributions de la Classe de Cohen

Nom ψ(ξ, τ) Pz(t, f)

Wigner-Ville 1
∫ +∞

−∞
z

(
t +

τ

2

)
z∗

(
t − τ

2

)
e−2iπfτ dτ

s-Wigner e2iπsξτ

∫ +∞

−∞
z

(
t −

(
s − 1

2

)
τ

)
z∗

(
t −

(
s +

1

2

)
τ

)
e−2iπfτ dτ

Rihaczek eiπξτ z(t) Z∗(f) e−2iπfτ

Born-Jordan
sinπξτ

πξτ

∫ +∞

−∞

[
1

|τ |

∫ t+|τ |/2

t−|τ |/2

z
(
s +

τ

2

)
z∗

(
s − τ

2

)
ds

]
e−2iπfτ dτ

Choı̈-Williams e−(πξτ/σ)2/2

∫ +∞

−∞

∫ +∞

−∞

σ

|τ | e−2σ2(s−t)2/τ2

z
(
s +

τ

2

)
z∗

(
s − τ

2

)
e−2iπfτ ds dτ

Spectrogramme Ah(ξ, τ)

∣∣∣∣
∫ +∞

−∞
z(s) h∗(s − t) e−2iπfs ds

∣∣∣∣
2

Séparable G(ξ) h(τ)

∫ +∞

−∞

∫ +∞

−∞
h(τ) g(s − t) z

(
s +

τ

2

)
z∗

(
s − τ

2

)
e−2iπfτds dτ

16
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Main Quadratic Time-Frequency Distribution: Wigner-Ville
Wigner-Ville [E. P. Wigner, 1932]: main and most popular distribution:

Wz (t, f ) =
∫ +∞

−∞
z
(

t + τ

2

)
z∗
(

t − τ

2

)
e−2iπf τ dτ =

∫ +∞

−∞
Z
(

f + ν

2

)
Z∗
(

f − ν

2

)
e−2iπtν dν

CAS PARTICULIERS DE DISTRIBUTIONS DE LA 
CLASSE DE COHEN

17
17

Cas Particuliers de Distributions de la Classe de Cohen

• WIGNER-VILLE (E.P. Wigner en mécanique quantique en 1932) : distribution la plus populaire

Wz(t, f) =

∫ +∞

−∞
z

(
t +

u

2

)
z∗

(
t − u

2

)
e−2iπfu du =

∫ +∞

−∞
Z

(
f +

ν

2

)
Z∗

(
f − ν

2

)
e2iπfν dν
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• Reliée à la fonction d’ambiguı̈té radar Az(τ, ν) par simple transformation de Fourier 2D

Az(τ, ν) =

∫ +∞

−∞
z

(
u +

τ

2

)
z∗

(
u − τ

2

)
e−2iπνu du =

∫ +∞

−∞

∫ +∞

−∞
Wz(t, f) e−2iπ(νt+fτ) dt df

t

Link to Woodward’s Radar Ambiguity Function Az (τ, ν) through Fourier Transform

Az (τ, ν) =
∫ +∞

−∞
z
(

u + τ

2

)
z∗
(

u − τ

2

)
e−2iπνu du =

∫ +∞

−∞
Wz (t, f ) e−2iπ(tν+f τ) dt df
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Some Drawbacks

No distribution satisfies all the constraints (e.g. positivity and unity).
Illegibility due to interference between elementary signal components
Need to erase or reduce interferences between each time and spectral components

INCONVENIENTS

18

Inconvénients

• Aucune distribution ne satisfait à toutes les contraintes (ex : positivité et unitarité)

• Illisibilité due aux interférences entre composantes élémentaires du signal
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• Nécessité de ”gommer” les interférences

18

20/35 J.-P. Ovarlez - PHD Days ONERA PHY - 15/01/2020 - Time-Frequency Distributions for Non-Stationary Signal Analysis



Introduction to Spectral Analysis Time Frequency Analysis Cohen’s Class and Weyl-Heisenberg Group Bertrand’s Class and Affine Group Some Applications

Another Well-Known Time-Frequency Distribution: Spectrogram
Regularized version of the Wigner-Ville distribution: smoothing operation to reduce
interferences between components (ex: Short Time Fourier Transform, Gabor)

Pl (t0, f0) =
∫ +∞

−∞

∫ +∞

−∞
Pz (t, f ) Ph(t − t0, f − f0) dt df =

∣∣∣∣∫ +∞

−∞
z(u) h∗(u − t0) e−2iπ f0 u du

∣∣∣∣2
where h(t) exp (2iπ f0 t) is an analyzing window localized around t = 0 and f = f0.

REGULARISEES DE DISTRIBUTIONS DE LA CLASSE 
DE COHEN

19

Régularisées des Distributions de la Classe de Cohen

Lissage des distributions temps-fréquence−→ Spectrogramme (Fourier à Court Terme, GABOR) :

Pl(t0, f0) =

∫ +∞

−∞

∫ +∞

−∞
Pz(t, f) Ph(t − t0, f − f0) df dt =

∣∣∣∣
∫ +∞

−∞
z(u) h∗(u − t0) e−2iπf0u du

∣∣∣∣
2

où h(t) e2iπf0t est une fenêtre analysante localisée en t = 0 et en f = f0.
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Inconvénients : Inégalité d’Heinsenberg, aucun contrôle de l’étendue de la fenêtre conjointement en
temps et fréquence.
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Drawback: Heisenberg inequality, no control on joint time and spectral resolutions
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Another Quadratic Time-Frequency Distributions

LISSAGE DES DISTRIBUTIONS DE LA CLASSE DE 
COHEN

20

Lissage des Distributions de la Classe de Cohen

Lissage séparable (Ph(t, f) = g(t) H(f)) des distributions−→ Pseudo Wigner-Ville Lissée :

Pz(t, f) =

∫ +∞

−∞
h(τ)

∫ +∞

−∞
g(s − t) z(s + τ/2) z∗(s − τ/2) e−2iπfτ ds dτ

Si g(t) = δ(t), on obtient la Pseudo Wigner-Ville
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REALLOCATION DES DISTRIBUTIONS DE LA 
CLASSE DE COHEN

21

Réallocation des Distributions de la Classe de Cohen

Réallocation de l’énergie autour des barycentres d’énergie :

Pm(t′, f ′) =

∫ +∞

−∞

∫ +∞

−∞
P (t, f) δ(t′ − t̂(t, f)) δ(f ′ − f̂(t, f)) dt df

avec
t̂(t, f) = t −

∫ +∞

−∞

∫ +∞

−∞
t0 φ(t0, f0) Wz(t − t0, f − f0) dt0 df0

f̂(t, f) = f −
∫ +∞

−∞

∫ +∞

−∞
f0 φ(t0, f0) Wz(t − t0, f − f0) dt0 df0
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Going further with Affine Group
Determination of the class of covariant solutions through the time-scale and time-shift
transformation group (Affine group):

Z (f ) −→ PZ (t, f )
T
y T ′

y
Z ′(f ) = ar+1 Z (a f ) exp (2i π t0 f ) −→ PZ ′(t, f ) = aq PZ

(
a−1 (t − t0) , a f

)
Direct solutions: Bertrand’s class parametrized by a 2D kernel K (u, v):

PZ (t, f ) =
∫ +∞

0

∫ +∞

0
K (u, v) Z (f u) Z∗(f v) e2iπ f t (u−v) du dv

Example of the central distribution: Bertrand’s Unitary Affine Distribution:

P0
Z (t, f ) = f 2r+2−q

∫ +∞

−∞

[
u

2 sinh(u/2)

]2r+2
Z
(

f u eu/2

2 sinh(u/2)

)
Z∗
(

f u e−u/2

2 sinh(u/2)

)
e2iπ f t u du
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Going further with Affine Group
Regularized version of the Unitary Affine distribution: smoothing operation to reduce
interferences between components (Wavelet Transform)

P̃(t0, f0) =
∫ +∞

−∞

∫ +∞

0
P0

Z (t, f ) P0
Ψ

(
f
f0

(t − t0), f0
f

)
dt df =

∣∣∣∣∫ +∞

−∞
Z (f ) Ψ∗

(
f
f0

)
e−2iπ f t0 df

∣∣∣∣2
where Ψ(f ) exp (2iπ f t) is an analyzing mother window localized around t = 0 and f = 1.

REGULARISEES DES DISTRIBUTIONS AFFINES : 
ONDELETTES

25

Régularisées des Distributions de la Classe Affine

Lissage des distributions temps-fréquence affines −→ Transformation en Ondelettes

P̃ (t0, f0) =

∫ +∞

−∞

∫ +∞

0

P
(0)
Z (t, f) P

(0)
Ψ

(
f0 (t − t0),

f

f0

)
dt df = f−1

0

∣∣∣∣
∫ +∞

0

Z(f) Ψ∗
(

f

f0

)
e2iπft0 df

∣∣∣∣
2

où Ψ(f) e2iπft est l’ondelette mère analysante localisée autour de la fréquence f = 1 et du temps t = 0.
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Inconvénients : Inégalité d’Heinsenberg, pas de contrôle de l’étendue de la fenêtre en temps et fréquence

25

P0
Z (t, f ) P0

Ψ

(
f
f0

(t − t0), f0
f

)
P̃(t0, f0)

Drawback: Heisenberg inequality, no control on joint time and spectral resolutions
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Applications: Speech Analysis
EXEMPLES SUR UN SIGNAL DE PAROLE

28

Exemples sur un signal de parole : ”Gabor”
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Applications: Two-Photon-Counting Interferometry
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F. Boitier, A. Godard, N. Dubreuil, P. Delaye, C. Fabre, and E. Rosencher, Nature Communications 2, 425 (2011).
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Applications: Analysis of Range-Doppler Map of Ionosperic Clutter

ANALYSE DE LA CONTAMINATION IONOSPHERIQUE 
SUR LE FOUILLIS EN HF (NOSTRADAMUS)

29

Analyse de la contamination sur le fouillis en HF (Nostradamus)
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Applications: Radar Imaging
• Conventional Fourier Imaging (laboratory, SAR, ISAR) does not

exploit the potential non-stationarities of the scatterers
• Hypothesis of bright points modeling: all the scatterers localized in x

and characterized by the complex spatial amplitude distribution I(x)
have the same behavior for any wave vector k = 2 f

c (cos θ, sin θ)T .
After some processing, the backscattering coefficient H(k) acquired
by the radar is simply related to the SAR image I(x) through:

H(k) =
∫
Dx

I(x) exp
(
−2 i π kT x

)
dx

• The SAR image I(x) is then obtained through the Inverse Fourier
Transform: I(x) =

∫
Dk

H(k) exp
(
2 i π kT x

)
dk

Cross range

R
a
n
g
e

Angle

F
r
e
q
u
e
n
c
y

With this model, all information relative to frequency f and angle θ are lost. Hence, spectral and
angular diversities are lost.
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Applications: Radar Imaging

IEEE International Geoscience And Remote Sensing Symposium, July 2014, Quebec, Canada/20

EXAMPLE OF TRUE PHYSICAL BEHAVIOR OF SCATTERERS IN SAR IMAGING

Sub-band 1      Sub-band 2     Sub-band 3

Introduction
Imagerie Classique

Imagerie Radar par Ondelettes
Application des ondelettes à l’imagerie SAR Polarimétrique

Conclusions - Perspectives

Hypothèses et Principe Généraux
Mise en défaut de l’imagerie classique

Campagne SPA3 2004 - vol 2 - cap 320 - bande X

(a) dépression 30°(passe 7) (b) dépression 50°(passe 15)

Rouge : � = 3.4cm (dernière agilité) - Vert : � = 3.2cm (agilité centrale) - Bleu :
� = 3.cm (première agilité)

Analyse polarimétrique d’images SAR par ondelettes - 9/27

elevation 30°                                            elevation 50°       

Scatterers have different behaviors with respect to the frequency and illumination direction

6

Scatterers have different behaviors with respect to the frequency and illumination
direction.
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Applications: Radar Imaging
Time-Frequency Distributions are generally devoted to non-stationary time signals analysis. They can be easily extended in 2D.

Key idea: In the context of SAR Imaging, Time-Frequency Analysis allows:
• to highlight the coloration and anisotropy properties of monodimensional SAR scatterers,
• to characterize each pixel of the complex SAR image with a vector of information related to angular or/and frequency

behaviors.

Time Frequeny Analysis and the physical group theory (Heisenberg or affine group) allow to construct hyperimages [Bertrand
91, Ovarlez 92] through:

Ĩ(r0, k0) =< H(.),Ψr0,k0 (.) >=

∫
Dk

H(k) Ψ∗r0,k0 (k) dk ,

where Ψr0,k0 (k) is a family of wavelet bases (Gabor, wavelet) generated from a mother wavelet φ(f , θ) through the chosen
physical group of transformation (translations, scale in frequency, etc.) and where Dk is the spectral/angular support of Ψ.

IEEE International Geoscience And Remote Sensing Symposium, July 2014, Quebec, Canada/20

TIME-FREQUENCY ANALYSIS FOR RADAR/SAR IMAGING

Time-Frequency Analysis allows to highlight the coloration and anisotropy properties of monodimensionnal Radar/SAR scatterers by 
characterizing each pixel of the image with a vector of information related to angular or/and frequency behaviors [Bertrand et al. 94, 
Ovarlez et al. 03, Duquenoy et al. 10].
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g
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e

Frequency

7

The hyperimage is defined as a linear Time-Frequency decomposition of the backscattering coe�cient H(k):

A(r,k) =

Z

Du

H(u)�H(u,k, r) e2 i ⇡ uT r du

where �(.) is an analyzing kernel acting on a mother wavelet �0(.) by given groups of transformation:

• group of translation in frequency domain and in angular domain: 2D short-time Fourier transform in angular and
frequency domain,

• group of dilation in frequency domain and translation in angular domain: 2D wavelet transform in angular and frequency
domain.

32/35 J.-P. Ovarlez - PHD Days ONERA PHY - 15/01/2020 - Time-Frequency Distributions for Non-Stationary Signal Analysis



Introduction to Spectral Analysis Time Frequency Analysis Cohen’s Class and Weyl-Heisenberg Group Bertrand’s Class and Affine Group Some Applications

Applications: Radar Imaging [M. Tria 05]

IEEE International Geoscience And Remote Sensing Symposium, July 2014, Quebec, Canada/20

EXAMPLE OF TIME-FREQUENCY USE FOR RADAR IMAGING

11

Analysed Target: a “Cyrano” scaled model Anechoic room geometry

Polarimetric Radar Imaging in laboratory

Right leading edge 
(P2)

Left leading edge 
(P3)

Left trailing edge 
(P5)

Head 
(P1)

Closed air exit 
(P9) 

Air intake 
(P8) 

Right trailing edge 
(P4)

Left wing 
(P7) 

Right wing 
(P6) 

Left stabilizer 
(P11) 

Right stabilizer 
(P10) 

θ = -20 θ = +10

ψ = -10

ψ = +45

Front side view

Front side view

Upper side view Upper side view

IEEE International Geoscience And Remote Sensing Symposium, July 2014, Quebec, Canada/20

PHYSICAL INTERPRETATION OF THE ENERGETIC SIGNATURES IN 
THE HYPERIMAGE

12
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Extended Span Results ([12,18] GHz, [-25,25]°) 

Head: isotropic and non-dispersive signature  
 Sphere geometry. 

!

Leading and trailing edges: directive response, 
orientation on the horizontal plane  

 Diffraction phenomena. 
!

Wings: mix of the contributions between leading and 
trailing edges  

 Heisenberg incertitude. 
!

Closed air intake: directive response, wave guide 
phenomena  

 Specular reflection. 
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Applications: Polarimetric Radar Imaging [M. Duquenoy 09]

IEEE International Geoscience And Remote Sensing Symposium, July 2014, Quebec, Canada/2013

PHYSICAL INTERPRETATION OF THE POLARIMETRIC SIGNATURES 
IN THE HYPERIMAGE

34/35 J.-P. Ovarlez - PHD Days ONERA PHY - 15/01/2020 - Time-Frequency Distributions for Non-Stationary Signal Analysis



Introduction to Spectral Analysis Time Frequency Analysis Cohen’s Class and Weyl-Heisenberg Group Bertrand’s Class and Affine Group Some Applications

Applications: Detection in SAR image, SAR Change Detection
From Mono-Channel to Multi-Channel SAR Image: Example of Nf = 3 sub-bands and Nθ = 3
sub-looks image decomposition:

Fig. 2: Example of decomposition with Nk, N✓ = 3, 3

kmax�kmin and the range of angles is of size ⇥ = ✓max�✓min.
We can define the function �l,m(k, ✓):

�l,m(k, ✓) =

⇢
1 if (k, ✓) 2 �l,m

0 otherwhise
(5)

with

�l,m =


kmin +

(l � 1)

Nk
, kmin +

l

Nk

�

[

✓min +

(m � 1)⇥

N✓
, ✓min +

m⇥

N✓

�
.

(6)

�l,m is a moving window on H to select a range of
angles and frequencies. The size of the window determines
the number of sub-bands Nk and sub-angles N✓. A sub-image
can be computed by means of an IFT2 on �l,m ⇥ H:

Wl,m(r) =

Z 2⇡

0

d✓

Z +1

0

k H(k, ✓) �l,m(k, ✓) e+j2⇡kT r dk

(7)
The figure 2 shows an example of decomposition for a SAR

image. We can interpret it as a multivariate image. Indeed, for
each pixel, we can associate a p = Nk ⇥ N✓ vector of data i
corresponding to the value of the pixel in each of the Wl,m

images: i = [W1,1(x, y), W1,2(x, y), ... , WNk,N✓
(x, t)]

T .

In practice, the image obtained must be decimated
according to the incertitude principle: the support of the
window being more limited in angular and frequency than

the whole image, its spatial power of resolution is impacted.
Consequently the image is decimated by a factor N✓ in the
azimuth direction and Nk in the range direction.

This approach allows to retrieve a diversity that was lost
during the construction of the single look monovariate image.
It is relevant in our problem of change detection as it constitute
a diversity that can be exploited in the algorithms presented
in the introduction. We can assume that a change in the scene
implies that the angular and spectral behaviour of the reflectors
varies as well. This allows in theory a more precise detection
of a change than working on the amplitude alone.

IV. SIMULATIONS

This section describes simulations done on monovariate
SAR images. It presents the results obtained using the de-
composition presented in section III and compares then to the
classic monovariate algorithm.

A. DataSet

Figure 3 shows a SAR Image of static aircraft
available from Sandia National Laboratories
(http://www.sandia.gov/radar/complex_data/). This image
was used in the following simulations. For all simulations
presented here, we chose Nk = 5 and N✓ = 5. Having only
a single image, a change is to be simulated on the image
in order to compute the change detection algorithms. For
simplicity’s sake, only punctual targets are added on the

Exploitation of the diversity for target detection and change detection
Each pixel i of the mono-channel SAR image can now be characterized by a N-vector
xi =

[
W i

1,1, . . . ,W i
Nf ,Nθ

]T of information (N = Nf Nθ) related to dispersion in frequency domain and
anisotropy in angular domain [P. Formont 13, A. Mian 19].
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