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Abstract

Convolutional neural networks have shown remarkable per-
formance in recent years on various computer vision prob-
lems. However, the traditional convolutional neural net-
work architecture lacks a critical property: shift equivari-
ance and invariance, broken by downsampling and upsam-
pling operations. Although data augmentation techniques
can help the model learn the latter property empirically, a
consistent and systematic way to achieve this goal is by de-
signing downsampling and upsampling layers that theoret-
ically guarantee these properties by construction. Adaptive
Polyphase Sampling (APS) introduced the cornerstone for
shift invariance, later extended to shift equivariance with
Learnable Polyphase up/downsampling (LPS) applied to
real-valued neural networks. In this paper, we extend the
work on LPS to complex-valued neural networks both from
a theoretical perspective and with a novel building block
of a projection layer from C to R before the Gumbel Soft-
max. We finally evaluate this extension on several computer
vision problems, specifically for either the invariance prop-
erty in classification tasks or the equivariance property in
both reconstruction and semantic segmentation problems,
using polarimetric Synthetic Aperture Radar images.

1. Introduction

Since their introduction by LeCun et al. [30], Convolutional
Neural Networks (CNNs) have remained the standard
neural network architecture for dealing with spatially
ordered data, such as images. Intuitively, many computer
vision tasks rely on patterns that can appear anywhere in
the image. Convolutional layers in CNNs introduce this
specific bias into neural networks, as it is the ‘sliding’ of a
kernel over the entire image. Convolutional layers are also
a special case of dense linear layers, y = Wz + b, whereby
W is a Toeplitz matrix instead of any matrix.

However, modern CNN architectures include downsam-
pling and upsampling layers that break equivariance. It has
been empirically shown that resultant networks are highly
sensitive to translations in the input [55]. To maintain
the desirable shift equivariant property, recent works have
explored provably equivariant subsampling layers [9, 44].
This search for invariance and equivariance to known
symmetries in input data falls into a more general research
topic: geometric deep learning [5]. This branch of deep
learning explores methods for accounting for the fact that
the use of geometric priors can influence the design of
neural networks.

While well-developed for real-valued data, this topic is far
less studied in the field of complex-valued neural networks,
where both the input data and the neural network parame-
ters are composed of complex numbers. [23, 48]. Imaging
modalities commonly encountered in remote sensing (e.g.,
Synthetic Aperture Radar (SAR) [32]) and medical imag-
ing (e.g., Magnetic Resonance Imaging (MRI) [13]) often
consist of naturally complex-valued images. The typical
approach in dealing with such data is often only utilizing
the magnitude of the complex numbers, even though rich
information can be embedded in the phase [4, 15, 17].
Complex-valued deep learning is an active research topic,
as it has the potential to discover and exploit patterns
that are either overlooked or yet to be discovered. Several
foundational works had already been published [18, 51, 53].

The key contributions of this work are:

* The extension of provable shift-equivariance to the com-
plex domain,

* A learnable complex-to-real projection,

* The empirical results demonstrating the benefits of a fully
complex neural network for naturally complex data on
three computer vision tasks (classification, reconstruc-
tion, segmentation).

In Section 2, we present the existing works related to

key concepts like shift-invariant/equivariant CNNs and



CVNNSs. In Section 3, we extend the theory of shift- such as segmentation and reconstruction. In the latter, a
invariant/equivariant convolutional neural networks to the translation of the input should result in the same output
complex domain by providing a theoretical explanation translation.
of their design. Section 4 describes an extensive setShift-invariant/equivariant methods have also been
of experiments to demonstrate the impact of the shift- extended to vision transformers (ViT) [45]. Finally,
invariance/equivariance property on CVNNs. Finally, shift-equivariance is one special case of a broader research
Section 5 discusses some perspectives in remote sensingppic, group-equivariance, discussed in [12, 50].
[41], medical imaging [14], and earth monitoring [43].

Complex-valued neural networks. Complex-valued

Notations: Italic type indicates a scalar quantity, neural networks (CVNNSs) are deep neural networks whose
lower case boldface indicates a vector quantity and operations and inputs are de ned in the complex domain
upper case boldface indicates a matrix or temsor<(z) [3, 23, 48]. Despite the novelty of complex-valued neural

and=(z) respectively denote the real and imaginary parts network theory, several critical questions regarding CVNNs
of complex number 2 C. bxc is the mathematical oor  are still open, one being their suitable representation.
function. The modulo operation is de ned asod. For Based on the isomorphism betwe@randR?, CVNNs can
any vectorv, v’ denotes the transpose operator &ifidlis be either represented as [31]:

the indexing operator om. kvk, stands for the Euclidean + A dual-RVNN is a neural network with representations in
norm. The operator is the Hadamard element-wise R, where real and imaginary parts are stacked at the input.
product between vectors. Finally, the composition operator Operations are then performedR)

isde ned by(f g)(x) = f(g(x)). + A split-CVNN processes representationsRA with op-
erations inR. Compared to a dual-RVNN, we keep the
2. Related work relationship between real and imaginary components, al-

though the weights are also real-valued.
¢ A full-CVNN contains both representations and opera-
tions inC.

Shift-invariant/equivariant convolutional neural net-
works. As discussed in Section 1, while convolution

operations (using a stride @j are indeed shift-equivariant, 1, ever, these neural networks are not equivalent: dual-

modern CNNs are not. As explained by Azulay et al. [2], pyNNs lack any representation of the complex domain.
the traqmongl downfsamph'ng scheme, ngmely poqllng Meanwhile, Hirose et al. [24] argue that fully-CVNNSs are
layers, mvolv_mg a ;trlde strictly larger thd is responsi- __better representation choices for CVNNs. Finally, Wu et al.
ble fordpreakmg this property. We present such a case iN(s,) yecently proved that complex-valued neurons can leam
Appendix A. , . ) more than real-valued neurons, reigniting discussions sur-
Some methods have tried to mitigate the negative eﬁeCtrounding this question

of the subsampling scheme, for instance, by using anti-rpe core components of neural networks have been largely
aliasing, like in the Low-Pass Filtering (LPF) method g iongeq to the complex domain. For instance, Li et al.
propogeg by Ehang et al.l [55, 56]. Howdever, ash der?fon- [34] proposed using Wirtinger calculus to de ne complex-
strated by C aman et al. [9], LPF reduces the e ?Ct valued backpropagation properly, and more recently, Tra-
of qowf‘samp"”g layers but does not solve the shift- belsi et al. [48] extended the batch normalization layer to
equivariance problem. the complex domain.

The rst consistent shift-equivariant method was intro- In this paper, we extend the LPS approach to CVNNs
duced_by Chaman et al. ~with the_ Adaptlve_P_onphase speci cally fully-CVNNs, and compare it to RVNNSs,
Sampling (APS) method [9]. APS relies on a shift-invariant namely dual-RVNNs

sub-sampling scheme by selecting the highgshorm

among the polyphase components, as formally de ned in 3. Complex-valued shift-invariant/equivariant
Section 3.2. layers

Lastly, Lim et al. [44] further elaborate on this con-
cept and propose a generalization of APS with the As discussed in Section 2, shift-equivariance is a highly de-
Learnable Polyphase Sampling (LPS) method. Indeed,sired property for complex-valued neural networks. While
while APS relies on theé, norm to select the polyphase shift-equivariant methods for neural networks have been
components, LPS introduces a pair of trainaklshift- proposed and tested for the real domain, an extension of
invariant/equivariart< down/up-sampling layers. This  these methods to the complex domain has yet to be realized.
property enables an elegant method for selecting a down-Among the various algorithms, such as APS [9] and LPS
sampling scheme trained in conjunction with the rest of [44], LPS is the current state-of-the-art shift-equivariant
the network. Shift-invariance is desirable for classi cation method for RVNNs. As such, our contributions focus on its
problems, while shift-equivariance is necessary for tasksextension to the complex domain. We will also introduce



a learnable projection function to address some dif culties Such an operator constantly samples the same indices of its
encountered during the extension of the LPS method to theinput, regardless of whether a shift occurred.

complex domain. Note that some pooling layers in the complex domain dif-
fer from their real-valued counterparts. The max pooling
layer cannot be trivially extended to the complex domain as
In this section, we formally introduce crucial concepts C is only partially ordered. As such, the returned element
related to shift-invariance/equivariance and CVNNs. Note is a complex-valued scalar such that the selection rule is or-
that every notion discussed in this section is de ned by dered, the complex-valued max pooling lajer: CN 7! C
default in the complex domain. For the sake of sim- being de ned as:

plicity, we consider, in the following, 1D signals and
downsampling factop = 2, although the method is gen-

eralizable for higher dimensions and downsampling factors. o L )
Complex-valued activations. Several activation functions

have been proposed in the literature: Kuroe et al. [29] pro-
d- posed to distinguish between them by categorizing activa-
tion functions into the following two classes of complex

3.1. Preliminaries

M (z) = z[k] wherek = arg g]ﬁlx sz[i]j ; (5)
i n

Shift-equivariance.  Shift-equivariance is a property
attributed to functions whose outputs are shifted accor
ingly to the shift in their inputs. Formally, a function : _
f :CN 71 CM is Ty ;fTw;lg-equivariant (i.e. shift- functionsf ():

equivariant) iif: Type A:f(2) = f<(<(2) + jf =(=(2));

TypeB:f(2)= (e O ©)
9T 2fTy;lg 822CN; f(Tn2)= Tf (2); (1) ypeB:f(z)= (r) ;

where8n 2 Z; Tyv[n], v[(n+1)mod N]is a circular wheref ¢ : R 7' Randf- : R 7! R are nonlinear real-
shift. valued functions. : R* 7! R* and : R 7! R are

also nonlinear real functions. We select thedReLU(:)
Shift-invariance.  The shift-invariance property refers function [1], such as g'Y?b 2Ra b|a§ parameter of the
to the case where an output is never affected by any shifthonlinearitymodReLU(’) is de ned as :
in the input. Formally, a functiod : CY 7t CM is modReLU(z) = ReLU (jzj + b) &
T N ; flg-invariant (i.e. shift-invariant) iif: 8 2
N <(jzj+ b — ifjzj+ b>0;
f(Tnz)=1(2);8z2C": (2) = 1Z) )
-0 therwi

We obtain shift-invariance from shift-equivariant functions othenwise

by applying a permutation-invariant linear form (an opera-
tor mapping fronCN to C invariant under any permutation
of the components of its input). One such example is the
sum operation, as we observe that:

Complex differentiability. The partially ordered nature
of C is incompatible with minimization and optimization.
Thus, loss functionsL, estimating the correctness of
X the model prediction, must return a real-valued scalar

f (Tnz)[m]= (Tmf(2)[m]; ©) (L : C" 7! R). One common way to de ne such functions
m m is to consider only the magnitude ofor compute the loss

function on the real and imaginary parts separately.

a1Additiona|ly, on the topic of complex differentiability,
since the loss is lower bounded, it is not holomorphic by
Liouville's theorem. Therefore, the Wirtinger derivative is
used to compute the gradient of ldsswith respect to the
real and imaginary parts of the neural network weights in
the complex backpropagation algorithm [47].

is shift-invariant iff is shift-equivariant. From a more

general perspective, based on the above claim, any glob
pooling operator, i.e., an operator with a global receptive
eld (max, mean, sum, or product), is a shift-invariant

transform.

Complex-valued downsampling & pooling layer.
Unlike the previously introduced global pooling, pool-
ing layers with a local receptive eld are not shift-
invariant/equivariant.  Indeed, commonly used pooling
layers are fundamentally a Iter (max, mean) with a stride
of 1 followed by a subsampling (using a stride strictly
larger thanl), which is not a shift-invariant/equivariant
operator. Indeed, a downsampling-pyfactor operator
D, : CN 7! CPN*PC js de ned as:

Complex-valued neural networks. In addition to
pooling layers, loss functions, and activation functions,
further building blocks are required to achieve a complex-
valued neural network. Linear and convolutional layers
extend naturally to the complex domain if their weights
are complex-valued. As explained by Trabelsi et al. [48],
complex-valued batch normalization and initialization
layers require specic implementations, and we followed
D, (2)[n] = z[pn]; 8n 2 J1; bN=pcK: (4) their proposal in our experiments.



3.2. Extension of shift-equivariant methods to the
complex domain

This section presents a general methodology to de ne

shift-invariant/equivariant methods to "make convolutional
networks shift-equivariant” (regardless of their real or
complex-valued nature).
tional MaxPool, strided convolution, andvgPool oper-

ations with variants that utilize low-pass Iters, thereby re-

ducing the impact of these operations on shift-invariance.

However, while LPF has tried to resolve this problem, it is

not a shift-invariant method but rather a good approxima-

tion of this property. To address this limit, shift-invariant
APS and LPS methods have been introduced.

We now present the baseline methodology of shift-invariant
methods. Let us begin by de ning the polyphase component

operatorPoly acting onCN as:
Poly, (z)[n] = z[2n + k]; 8n 2 J1; bN=2cK;

wherek 2 f 0; 1g andPoly, (z) 2 CPN=2¢ denotes thé&-th
polyphase componentVe also remind

(
Poly,(z) ifk=0;
Poly, (TN 2) = 8
WND= o by ik=1; &
with M = bN=2c. Moreover, let us denotp,(Kjz) as

the conditional probability for selectingolyphase com-
ponents with K denoting the Bernoulli random variable

LPF aims to replace the tradi-

For instance, consider a typical downsampling scheme,
such as the strided convolution. A convolution with stride
s is equivalent to a convolution with stridefollowed by

a downsampling-by- operator (see Eq. (4)). The down-
sampling operator (4) does not follow equality (9) as soon
ass 2, since it is guaranteed th#t = s, regardless
of whether the data may or may not have been circular-
shifted. It follows that the usual strided convolution is not a
shift-equivariant downsampling layer.

One way to ensure that is shift-equivariant is to de ne a
shift-invariantf : C°N=2¢ 71 R function, and an adaptive
sampling layep, as the conditional probability:

5 &P (f (Poly, (2)))

exp f (Poly; (2))
j2f 0;1g

pz(K = kjz) =

(10)

Claim 2: If f is shift-invariant, therp;, is shift-permutation
equivariant.

The proof of this claim is provided in Appendix B.
Oncef is de ned as a shift-invariant function, the actual
choice of the function remains open. Many options have
been proposed in the literature: the choice of function dra-
matically in uences the neural network's performance. For
instance, APS proposed to de i€ ) = jj jj, implying that

(a one-dimensional case of the categorical distribution) of kK = arg nax JJ Poly, (2)jj since theSoftmax operator

polyphase indices anlD as a complex-valued Polyphase
Downsampling layer§z 2 CN ,

PD(z) = Poly  (2) ;

herek = K = kjz).
where arg krzrg%ﬁg P ( jz)

We can now propos€laim 1, Claim 2, and Claim 3
which are extensions of existing real-valued claims [44].

Claim 1: If p, is shift-permutation-equivariant, then
PD is a shift-equivariant complex-valued downsampling
layer.

We say that p, is shift-permutation-equivariant iif:

Pz (K = (K)jTn2) = p(K = Kj2); 9)

where (:) denotes the permutation on the polyphase in-

dices (k) = k+1 mod pwith pthe number of polyphase

is a smooth apprOX|mat|on of therg max operator on its
input components. The polyphase component selection is
based on the maximal norm value. Hence, as stated in Eq.
(2), f is shift-invariant (due to the global respective eld
of the max operator). As suclglaim 1 andClaim 2 are
respected, proving that the downsampling layer proposed
in APS is indeed shift-equivariant.

While APS hardcoded the selection rule of the
polyphase components, LPS introduced a learnable
rulef : R H W 71 R as a small convolutional neural
network parametrized by that learn a downsampling
scheme alongside the model training. This network does
not use any downsampling schemé: is composed of
convolutional layers with a strideand a global pooling at
the output, as seen in Figure 1. Hence, as stated in Eq. (2),
f is shift-invariant. As suchClaim 1 and Claim 2 are
respected, proving that the downsampling layer proposed
in LPS is indeed shift-equivariant. We note that LPS
generalizes the APS method (as demonstrated [44, Claim

components (downsampling factor). When there is only 2]).

2 polyphase componentg, = 2, then (1) = 0 and
(0) = 1. In other words, shifting leads to selecting the

other polyphase component. The proof of this claim is pro-

vided in Appendix B.

Finally, to ensure that the shift-equivariance property is
correctly validated during the upsampling (for segmenta-
tion and reconstruction tasks), we denote the partial inverse
polyphase component (IPoly) operator acting ©N as



8n 2 JI;NK;8j 2fO0;1g: is a mandatory requirement for using the Gumbel Softmax,
( as it transforms a real-valued logit and a random Gumbel
z[n];ifj =k noise into a categorical distribution. To tackle this issue,

, (11) ; . ;
0; otherwise; we present a straightforward adaptive method to map logits

from CN to RN in Section 3.3.

wherek 2 f0;1g and IPoly(z)x 2 C2N denotes the Due to the partial order o, extending existing operators

k-th upsampled component Note that the IPoly op- is not straightforward. For instance, the Gumbel Softmax

IPoly, (2)[2n + j] =

erator satis es the property:Poly, (IPoly (z)) = z. method requires a real-valued logit to be passed as an argu-
Given a downsampled feature map = PD(z) , ment. Note that the Gumbel Softmax is not the only compo-
Poly, (z), the complex-valued polyphase upsam- nentthat needs projecting complex-valued logit&Rtdhis
pling layer is de ned asPU(y) = IPoly , (y) where is also the case for the cross-entropy loss function, as dis-
k = arg krzrg%ﬁg p, (K = kjz). Thus, we propose the cussed in Section 3.1.

As projecting fromCN to RN can be done in various ways,
we propose to distinguish between two types of projection:
implicit andexplicit projection.

following claim:

Claim 3: If p, is shift-permutation equivariant, then
PU PD is shift-equivariant. 3.3.1. Implicit Projection

. ) o For anyz 2 CN, implicit projection is realized by applying
A mandatory condition forClaim 3 to be valid is that 5 fynction or= (z) and<(z) separately and composing the
the overall architecture of the model is symmetric, i.e., the yasylts. When dealing with implicit projectioBpftmax is
number of subsampling layers in the encoder must be equal, natural choice by computing théean Softmax2 [0; 1]V

to the number of upsampling layers in the decoder. The 5nd theProduct Softmax 2 [0: 1]V of Softmax(=(z)) and
proof of this assertion is the extension of the real-valued Softmax(< (z)) as:

proof provided in [45, Claim 4]. The proof of Claim 3 is
provided in Appendix B. 1 _ )
While PU provides a shift-equivariant upsampling scheme, MSoftmax(z) = 2 [Softmax(<(2)) + Softmax( =(2))] :

it introduces zeros in the output, which results in high- PSoftmax(z) = Softmax(<(z)) Softmax(=(2))) :
frequency components. This is known as aliasing in a

multirate system [49]. Similar to [44], we apply a low-pass We naturally extend these two functions to obtain the equiv-
Iter scaled by the upsampling factor after each PU to alent for the Gumbel Softmax, i.&dGumbelSoftmax and
resolve this. PGumbelSoftmax.

In the following section, we propose to design a function

f . CcC¢H W 71 R that generalizes the functioh 3.3.2. Explicit Projection

proposed in APS and LPS. Explicit projection consists of applying an additional func-
o _ tion de ned asf : CN 7! RN on top of a neural network
3.3. Learnable Projection Function layer. The advantage of this approach over implicit projec-

To ef‘fective]y learn a downsamp"ng Scheme, we tion is that it allows for more elelllty, due to its train-
parametrizef as a small complex-valued neural net- able nature. Computing the mean/product of probabilities,
work using Gumbel Softmax [25, 40]. The Gumbel asdone inthe implicit projection approach, lacks arigorous
Softmax is a differentiable method that samples from a mathematical foundation, whereas de ning a function that
categorical distribution using a temperature parameter,mapsC" to RN is more principled.

allowing it to asymptotically converge to thargmax  Norm: Foranyz 2 CM, a well-known explicit projection

operation. Mathematically, we de n; ; ;xn]T 2 R" function is the norm function, de ned §gj. * Nevertheless,
as the logits for selecting the polyphase components,While this function is commonly used to project a complex
[g; :gn]asindependent samples from standard Gumbelnumber into the real domain, the phase information is dis-
distribution. After integration, we obtain: carded. This payoff might be undesirable in many cases. To
address this issue, we propose a learnable projection func-
P j =argmax(g + xi) = b () . (12)  tionthat generalizes the norm function while leveraging the
i x adaptability of the connectionist paradigm.
exp (xi) Polynomial: We introduce a learnable projection polyno-

=1 mial layer to generalize the norm function by adapting the

A detalled introduction of the Gumbel Softmax method is 1Using the Norm function as a projection layer for the LPS method

prO_Vided “.1 Append-ix C.lts _eXtenSiOn to the complex do- iffers from the APS method. Indeed, APS selects components using the
main requires speci c attention. Logits being real-valued argmax on the norm of its input.



Figure 1. Proposed complex-valued extension to the shift-equivariant model rstintroduced in [44]. During training, we retain the weights
sharing, pooling operations, and stochasticity as in [44]. We must project tengdlmfore computing the Gumbel Softmax (or apply the
Gumbel Softmax independently on the real and imaginary parts) to handle complex-valued weights and inputs.

projection function during the learning process. The pro- 4. Experiments
posed layer processes complex-valued input dazaCN

by decomposing each componenif the vectorz 2 CN, In this section, we evaluate the performance of complex-
for | 2 J1;NK into a M -polynomial function acting on  valued shift-invariant/equivariant neural networks in the
its real and imaginary components, = <(z); andb, = complex domain. More precisely, we demonstrate how
=(z), respectively. It computes all terne bl where complex-valued shift-invariant/equivariant neural networks
i;j 0,i + j = m, for each degreen ranging from 1 to  outperform traditional complex-valued neural networks

M, the speci ed order of the polynomial expansion. These across various computer vision tasks and possess an in-
terms are used as inputs to a linear transformation, resultingherent superiority in their design, particularly in terms of
in the output8l 2 J1; N K the impact of the shift on the input. We also test our ap-
proach on dual-RVNNSs to evaluate the effect of the com-
X [ i lex nature of CVNNs compared to their real-valued coun-
PolyDec (z) = + mi a b (13) p P ) o
o1 iz terparts. We conduct experiments on image classi cation,
. semantic segmentation, and image reconstruction. To align
wheref ij 2 Rg;; 1,1, je @re the learmned weights and oy experiments with the scope of this article, we care-
2 R is the bias term of the linear layer which is for the fy|ly selected complex-valued imaging datasets upon which
constant termi(= j = 0). This formulation effectively  our models were tested. Indeed, by only experimenting to
modelsf as a polynomial functiorPolyDec of the real  the data's physical background. While we reproduce the
and imaginary parts o, up to degreeM, capturing  existing setup for circular shift [9], we propose the rst
complex interactions between them. setup to evaluate complex-valued shift-invariant/equivariant
neural networks in this section. More precisely, we used
MLP: While the amplitude is a hard-wired function the Cr. S. metric from [9, 44, 55] to evaluate shift-
and the polynomial projection function is constrained equivariance/invariance by applying a random circular shift
to follow an eXpIiCit formulation, we also introduce a between 1 and 9 on the input of a mode|, and its Output_
more general class of learnable projection functions asghift-equivariant/invariant models should achiev&G0%
an MLP. We de ne the multilayer perceptron (MLP) as a perfect score, unlike non-equivariant/invariant models.
sequence of fully connected layers that process the real angjowever, we note that outperforming existing state-of-the-

imaginary parts of the complex inpat such as: art models is outside the scope of this work, as we pri-
marily focus on assessing the exact impact of each compo-
s s D ... s <@ . g
MLP(z) = f f i f —(2) (14)  nent of our method. To this end, we tested our methods on

complex-valued adaptations of standard SOTA CNNs archi-
whereL is the number of layers in the network, each layer tectures (ResNet [21], UNet [46], AutoEncoder[22]). We
f () for I 2 J1;LKis de ned as a real-valued non-linear detail each task's architectures and training setup in Ap-
transformation. pendix F and provide a complete guide to reproduce our
Based on the universal approximation theorem, this layerexperiments at the following repositcry
can generalize all possible projection functions without be-
ing constrained to a speci ¢ polynomial form. Neverthe-
less, note that its size constrains the generalization capabil- 2pps-//github . com/QuentinGABOT /Equivariant
ities of theMLP . CVNN




4.1. Datasets tion function, outperforms every other model. Unlike non-
rghift-invariant models, shift-invariant CVNNs and RVNNs

While experiments presented in this section are based o fact circular shift it Furth h
computer vision tasks, the dataset of interest concerns po_score a pertect circuiar shift consistency. Furthermore, the

larimetric SAR (PoISAR) imagery [32]. This imaging tech- three best-performing models (when looking at the Overall

nique is based on the coherent combination of radar echoeséccgracy .(OA) and t,he F1 score) are shift-invariant, high-
yielding an image of the ground scene. The SAR Systemllgh'ung this property's bene ts. Nevertheless, we note that
is usually mounted on a satellite or an aircraft, providing notall shift-invariant models outperform non-shift-invariant

complex-valued information about the backscatter Charac-mOdSaIS b"_"se_d on the OA and F1 score: this Interesting re-
teristics of the ground. Each pixel of a POISAR image is sult likely indicates that the design choice behind the down-

associated with a complex scattering masixcalled the sampling scheme and the projection function matters. More
Sun Svn speci cally, the APS approach consistently appears to be

Sinclair matrixS = Suv  Suy where the indicesi a worse choice than the LPS strategy, indicating that this

andV refer to the horizontal and vertical polarization states, Non-learnable downsampling scheme is outperformed by
but any orthogonal polarimetry basis can be used. PolSARItS learnable variant. This observation can also be made
datasets are presented in more detail in Appendix E, whileWhén comparing our different projection functions: the
polarimetric decompositions are detailed in Appendix D. Norm function is also gen.erallzed and outperformed by the
Note that even if the following results have been obtained POlyDec and theMLP. Finally, we observe that RVNNs
with PoISAR images, other types of complex-valued imag- almost alwaysund.erperfo'rmed against their CVNN coun-
ing could have been used, notably magnetic resonanceterpa_rts- _We believe this result comes from the arduous
imaging (MRI) [35]. We speci cally recognize that CVNNs classi cation of _c_Iasses from th_e SlSL((_NDL _dataset.
have been utilized for speci ¢ MRI applications, such as Naturally, ex_plomng the phase information might _confer
fat-water separation and ow quanti cation [13]. CVNNs a unique advantage over RVNNs. We provide ad-
ditional results and visualizations in Appendix G.1.

Model Type | OA (%) | F1 (%) | Cr. S. (%)

ResNet LPSVLP C | 84:97 | 80:62 | 100:0 Model Type | OA (%) | F1 (%) | Cr. S. (%)
ResNet LPS R 82:92 74:49 100:0 UNet LPSPolyDec C 97:21 92:7 100:0
ResNet LPSPolyDec C 81:63 735 100:0 UNet LPS R 97:21 | 9186 100:0
ResNet LP9VISoftmax | C 795 72:23 100:0 UNet LPSNorm C 96:.04 | 8947 100:0
ResNet LPNorm C 76.38 68.25 100:0 UNet LPSMLP C 9524 89:32 100:0
ResNet APS C 82.01 75.37 100:0 UNet LPSMSoftmax C 94:59 87.05 100:0
ResNet APS R 8116 | 7308 100:0 UNet APS R 96:73 | 90:15 100:0
ResNet LPF C | 8156 | 7368 | 935 UNet APS C | 9378 | 8385 | 100:0
ResNet LPF R 79:66 708 95.44 UNet LPF R 97:13 91:62 97.01
UNet LPF C 9312 | 8458 97:04

Table 1. Classication and circular shifts metrics on the

S1SLCCVDL dataset. Shift-equivariant models are separated Table 2. Semantic segmentation and circular shifts metrics on the

from non-shift-equivariant models, namely CVNN/RVNN Low- PoISF dataset. Shift-equivariant models are separated from non-

Pass Filter (LPF), by the additional row. CVNN Learnable shift-equivariant models, namely CVNN/RVNN Low-Pass Filter

Polyphase Sampling (LPS) withMLP projection layer outper- (LPF), by the additional row. CVNN Learnable Polyphase Sam-

forms all variants, even Adaptive Polyphase Sampling (APS). pling (LPS) with PolyDec projection layer outperforms all vari-
ants, even Adaptive Polyphase Sampling (APS).

4.2. Classi cation

To test our approach on the classi cation task, we propose4'3' Semantic Segmentation

an experiment setup based on the S1SIYDL dataset,as  We propose an experiment setup based on the PolSF dataset,
described in Appendix F.1. On average, we report for an as described in Appendix F.2, to test our approach to the
A100 GPU, the following training times per epoch: CVNN semantic segmentation task. On average, we report the
LPS PolyDec: 32m30s, CVNN LPF: 22m15s, RVNN following training times per epoch for the A100 GPU:
LPF: 06m06s. We also report the number of trainable pa- CVNN LPS PolyDec: 38 seconds, CVNN LPF34 sec-
rameters and the inference time for the shift-equivariant onds, RVNN LPF:14 seconds. We also report the number
CVNN variants in Appendix F.1. Results from Table 1 of trainable parameters and the inference time for the shift-
validate our initial hypothesis that complex-valued shift- equivariant CVNN variants in Appendix F.2. Table 2 shows
invariant CVNNs outperform their non-shift-invariant coun- that the results validate our initial hypothesis that complex-
terparts. valued shift-equivariant CVNNs outperform their non-shift-
Our proposed approach, a CVNN LPS withMhP projec- equivariant counterparts.



Results show that the proposed approach outperforms all—sewpsrayos

AE APS

<
S
@

MSE(# | H- OA (%) | H- FL(%)] Cam. OA (%)] Cam. F1 (%)] Cr. (A
T3 10 * | 96166 95:56 94:03 91:40 0:0
15 10° 9550 9388 9305 9023 0:0

AE LPF

lar shift consistency. Furthermore, the two best-performing TP
models are shift-equivariant with respect to performance
metrics, like OA and F1 score. Nevertheless, we note Table 3. ReconstructionH classi cation metrics, and
that notall shift-equivariant models outperform non-shift- C_:ameron classi cation metrics on the_ Sa_n Francisco Polarimet-
equivariant models based on the OA and F1 score; thus, we ' SAR ALOS-2 dataset. _ Shift-equivariant models are sepa-
reiterate the same conclusions as in Section 4.2. Finally, we/ated from non-shift-equivariant models, namely CVNN/RVNN

. Low-Pass Filter (LPF), by the additional row. CVNN Learnable
observe that RVNNalmost alwaysutperform their CVNN Polyphase Sampling (LPS) witRolyDec projection layer out-

counterparts. Contrary to the observations made in Sectionyerforms all variants, even Adaptive Polyphase Sampling (APS).
4.2, we believe that this might be because the semantic segnote that the Cr. S metric differs from the supervised learning

mentation of the PolSF dataset is a rather simple task (no-task, as we cannot measure the agreement between the predictions.
tably due to the relatively small size of the dataset): the As such, we compute the norm: in this case, shift-equivariant
phase information might not be a suf cient argument to use models achieve a perfect score, while non-shift-equivariant mod-
CVNNSs over RVNNSs in this case. Nonetheless, the CVNN els obtain non-zero values.

LPSPolyDec appears to be a striking exception to this ob-

servation: this leads us to hypothesize that CVNNs may . .

have a more challenging time learning some representationéerpa_rts' E_ven though we believe these results_are logical, as
than RVNNS, but they ultimately possess a more substantialP0larimetric decompositions (suchids ) are highly sen-

representation capability if correctly designed. We provide Sitive 0 amplitude and phase values, these results highlight
additional results and visualizations in Appendix G.2. that the CVNNs are particularly well-suited for the recon-
struction task, which is even more accentuated when they

are shift-equivariant. Furthermore, we notice a clear dis-
tinction in performance between the shift-equivariant mod-
Finally, to test our approach on the reconstruction task, weels (the rst four, as opposed to the last three), further vali-
propose an experiment setup based on the San Francisco Patating our hypothesis that the choice of both downsampling
larimetric SAR ALOS-2 dataset, as described in Appendix and projection layers matters.

F.3. The polarimetric properties of the data allow us to eval-

uate the reconstruction using additional metrics by comput-5. Conclusion

ing coherent and non-coherent polarimetric decompositions_, . . L

on the reconstructed image. We leverage these decomposi]_—hIS work extended a provably shift-equivariant conyolu-
tions to assess the model's performances: namely, the Pauﬁ'o',1a| neural network fram‘?WO”‘ to thp complt_ex domain. _In
[10, 33], Krogager [26-28], Cameron [6-8], aktl doing so, we enabled the incorporation of this strong prior

[11, 16] decompositions, as presented in Appendix D. Then,tﬁ c?_nlg/glgnonal CNNE‘ bln our exrlnerlrr?entAsl,DvSvedobserved
as is usually done by the signal processing community, welhat emonstrated better results than » demonstrat-

compute classi cation metrics from the Cameron decompo- ing that a learnable downsampling scheme has an advan-
sition and theH decomposition. Please note that the

tage over a handcrafted one. Following this observation,
following metrics are obtained from an unsupervised pro- we introduced learnable functioi®lyDec and MLP to
cess meant to be calculated on a fully trained model on th

eperform the needed projection fro@1to R. This end-to-
reconstruction task [17]. More details regarding the experi- end trainable approach allows the model to adapt effectively
ments can be found in Appendix G.3. On average, we report

to the data it is trained on. In our experiments, we ob-
the following training times per epoch for the A100 GPU: serve that théolyDec projection function, and even more
CVNN LPS PolyDec: 22 seconds, CVNN LPF13 sec- so, theMLP projection function, increase computational
onds, RVNN LPF:2 seconds. We also report the number requiremerlts apd latency. This is even more aggravating
of trainable parameters and the inference time for the shift—v;']h?an\?sll'\lng with CVNNS’_?ﬁ they ar(ka) sll_owerﬂ;o ltrgln than
equivariant CVNN variants in Appendix F.3. Finally, we t eir 1 cou_nterpa_wts. us, we believe elybec
did not apply the low-pass lter for the reconstruction task, projection funcUon str-|kes a S\_/veetllntermed|ate between a
as it does not show any improvements. Results from Tablenon—legrnabltle_k;g\z)lj;ctlon function, likéorm, and an unre-
3 validate our initial hypothesis that complex-valued shift- stricted one, | :
equivariant CVNNs outperform their non-shift-equivariant

counterparts. We can also notice the pattern observed in
Section 4.2, i.e., that CVNNs outperform their RVNN coun-

63 10 46.97 3269 2374 17:.01 7221
85 10 3415 1901 16:26 1133 4312

C
other models, SDECi cally a CVNN LPS with BO'yDEC AE LPSMLP g 36 107 | 9454 9267 9041 8674 0:0
. . . . . . . m ;2 z 3 2. 162 ! :
projection function. Unlike non-shift-equivariant models, | faps | = 11 07| 6oss | 513 | 80| 455 | 00
. . N . ftl : 1 3 . z :
shift-equivariant CVNNs and RVNNS score a perfect Circu- [~ aetes | = |2z 107 sz | 4220 | 405 | 340 | 00

C

R

4 .4. Reconstruction



References

(1]

(2]

(3]

(4]

(5]

M. Arjovsky, A. Shah, and Y. Bengio. Unitary evolution
recurrent neural networks. limternational conference on
machine learningpages 1120-1128. PMLR, 2016. 3

A. Azulay and Y. Weiss. Why do deep convolutional net-
works generalize so poorly to small image transformations?
Journal of Machine Learning Resear@0(184):1-25, 2019.

2

J. Barrachina, C. Ren, C. Morisseau, G. Vieillard, and J.-P.
Ovarlez. Complex-valued vs. real-valued neural networks
for classi cation perspectives: An example on non-circular
data. INNICASSP 2021 - 2021 IEEE International Conference
on Acoustics, Speech and Signal Processing (ICAS@BEs
2990-2994, 2021. 2

J. Barrachina, C. Ren, C. Morisseau, G. Vieillard, and J.-
P. Ovarlez. Comparison between equivalent architectures of
complex-valued and real-valued neural networks-application
on polarimetric SAR image segmentatialournal of Signal
Processing Systen85(1):57-66, 2023. 1

M. Bronstein, J. Bruna, Y. LeCun, A. Szlam, and P. Van-
dergheynst. Geometric deep learning: going beyond Eu-
clidean data.lEEE Signal Processing Magazing4(4):18—
42,2017. 1

(18]

(16]

(17]

(18]

(19]

(20]

[6] W. Cameron and L. Leung. Feature motivated polarization [21]

(7]

scattering matrix decomposition. IBEEE International Con-
ference on Radapages 549-557. IEEE, 1990. 8, 13
W. Cameron and H. Rais. Conservative polarimetric scatter-

ers and their role in incorrect extensions of the cameron de- [22

composition.|[EEE transactions on Geoscience and Remote
Sensing44(12):3506—3516, 2006.

[8] W. Cameron, N. Youssef, and L. Leung. Simulated polari- [23]

(9]

(10]

(11]

(12]

(13]

(14]

metric signatures of primitive geometrical shapedEEE
Transactions on Geoscience and Remote Sens3d¢R):
793-803, 2002. 8, 13

A. Chaman and I. Dokmanic. Truly shift-invariant convo-
lutional neural networks. IfProceedings of the IEEE/CVF
Conference on Computer Vision and Pattern Recognition
pages 3773-3783,2021. 1, 2,6

S. Cloude and E. Pottier. A review of target decomposition
theorems in radar polarimetrylEEE transactions on geo-
science and remote sensjrg#(2):498-518, 1996. 8, 12

S. Cloude and E. Pottier. An entropy based classi cation
scheme for land applications of polarimetric satEEE
transactions on geoscience and remote sensi¥f1):68—
78, 2002. 8

T. Cohen and M. Welling. Group equivariant convolutional
networks. Ininternational conference on machine learnjng
pages 2990-2999. PMLR, 2016. 2

E. Cole, J. Cheng, J. Pauly, and S. Vasanawala. Analysis
of deep complex-valued convolutional neural networks for
MRI reconstruction and phase-focused applicatioitag-
netic resonance in medicin86(2):1093-1109, 2021. 1, 7

M. Dedmari, S. Conjeti, S. Estrada, P. Ehses, Thclser,
and M. Reuter. Complex fully convolutional neural networks
for mr image reconstruction. Imternational Workshop on
Machine Learning for Medical Image Reconstructipages
30-38. Springer, 2018. 2

(24]

(25]

(26]

[27]

(28]

(29]

V. Dhédin, J. Levi, J. Fix, C. Ren, and I|. Hinostroza.
Complex-valued wasserstein gan for sar image generation.
In IGARSS 2024 - 2024 IEEE International Geoscience and
Remote Sensing Symposjypages 6991-6996, 2024. 1

P. Formont, F. Pascal, G. Vasile, J.-P. Ovarlez, and L. Ferro-
Famil. Statistical classi cation for heterogeneous polarimet-
ric SAR images.|EEE Journal of selected topics in Signal
Processing5(3):567-576, 2010. 8, 13

Q. Gabot, J. Fix, J. Frontera-Pons, C. Ren, and J.-P. Ovarlez.
Preserving polarimetric properties in polsar image recon-
struction through complex-valued auto-encoders. 2024
International Radar Conference (RADARRges 1-6, 2024.
1,8

P. Geuchen and F. Voigtlaender. Optimal approximation us-
ing complex-valued neural networksAdvances in Neural
Information Processing Systen®6:1681-1737, 2023. 1

D. Geudtner, R. Torres, P. Snoeij, M. Davidson, and B. Rom-
men. Sentinel-1 system capabilities and applications. In
2014 |IEEE geoscience and remote sensing sympogages
1457-1460. IEEE, 2014. 14

E. Gumbel. Statistical theory of extreme valuse and some
practical applicationsNat. Bur. Standards Appl. Math. Ser.
33,1954. 12

K. He, X. Zhang, S. Ren, and J. Sun. Deep residual learn-
ing for image recognition. IProceedings of the IEEE con-
ference on computer vision and pattern recognitipages
770-778, 2016. 6

] G. Hinton and R. Zemel. Autoencoders, minimum descrip-

tion length and helmholtz free energdvances in neural
information processing systen@ 1993. 6

A. Hirose. Complex-valued neural networks: The merits and
their origins. In2009 International Joint Conference on Neu-
ral Networks pages 1237-1244, Atlanta, Ga, USA, 2009.
IEEE. 1, 2

A. Hirose and S. Yoshida. Generalization characteristics of
complex-valued feedforward neural networks in relation to
signal coherencelEEE Transactions on Neural Networks
and learning system&3(4):541-551, 2012. 2

E. Jang, S. Gu, and B. Poole. Categorical reparameteriza-
tion with Gumbel-Softmax. Ibth International Conference
on Learning Representations, ICLR 2017, Toulon, France,
April 24-26, 2017, Conference Track Proceedin@penRe-
view.net, 2017. 5

E. Krogager. Utilization and interpretation of polarimetric
data in high resolution radar target imaging.Piroc. Second
International Workshop on Radar Polarimetry (JIPR'1992)
pages 547-557, Nantes, France, 1992. 8, 12

E. Krogager and Z. Czyz. Properties of the sphere, diplane,
helix decomposition. IfProc. Third International Workshop
on Radar Polarimetry (JIPR'1995pages 106-114, Nantes,
France, 1995.

E. Krogager, J. Dall, and S. Madsen. The sphere, diplane, he-
lix decomposition recent results with polarimetric SAR data.
In Proc. Third International Workshop on Radar Polarimetry
(JIPR'1995) pages 621-625, Nantes, France, 1995. 8, 12
Y. Kuroe, M. Yoshid, and T. Mori. On activation functions
for complex-valued neural networks—existence of energy



(30]

(31]

(32]
(33]

(34]

(35]

(36]

(37]

(38]
(39]

[40]

[41]

[42]

(43]

[44]

[45]

[46]

functions. Ininternational Conference on Arti cial Neural
Networks pages 985-992. Springer, 2003. 3

Y. Lecun and Y. Bengio. Convolutional networks for images,
speech, and time-series. Tine Handbook of Brain Theory
and Neural Networks1995. 1

C. Lee, H. Hasegawa, and S. Gao. Complex-valued neural
networks: A comprehensive survelEEE/CAA Journal of
Automatica Sinica9(8):1406-1426, 2022. 2

J. Lee and E. Pottier.Polarimetric Radar Imaging, From
Basics to ApplicationsCRC Press, 2009. 1, 7, 12

J. Lee and E. PottielPolarimetric radar imaging: from ba-
sics to applicationsCRC press, 2017. 8, 12

H. Li and T. Adal. Complex-valued adaptive signal pro-
cessing using nonlinear functiorSURASIP Journal on Ad-
vances in Signal Processing008:1-9, 2008. 2

Z. Liang, P. Lauterbur, IEEE Engineering in Medicine, and
Biology Society. Principles of Magnetic Resonance Imag-
ing: A Signal Processing Perspectivwiley, 2000. 7

T. Lin, P. Goyal, R. Girshick, K. He, and P. Dall Focal
loss for dense object detection. Bioceedings of the IEEE
international conference on computer visjquages 2980—
2988, 2017. 14

X. Liu, L. Jiao, F. Liu, D. Zhang, and X. Tang. Polsf: Polsar
image datasets on san franciscolrternational Conference
on Intelligence Scieng@ages 214-219. Springer, 2022. 14
I. Loshchilov and F. Hutter. Decoupled weight decay regu-
larization, 2019. 14, 15

C. Maddison, D. Tarlow, and T. Minka. A* sampling, 2015.
12

C. Maddison, A. Mnih, and Y. Teh. The concrete distribu-
tion: A continuous relaxation of discrete random variables.
arXiv preprint arXiv:1611.0071,22016. 5, 12

A. Mian, J.-P. Ovarlez, A. Atto, and G. Ginolhac. Design of
new wavelet packets adapted to high-resolution sar images
with an application to target detectioEEE Transactions on
Geoscience and Remote Sensbig(6):3919-3932, 2019. 2
R. Mohammadi Asiyabi, M. Datcu, A. Anghel, and H.
Nies. S1SLCCVDL: A complex-valued annotated single
look complex Sentinel-1 SAR dataset for complex-valued
deep networks, 2023. 14

J. Patruno, N. Dore, M. Crespi, and E. Pottier. Polarimetric
multifrequency and multi-incidence sar sensors analysis for
archaeological purposeérchaeological Prospectiqr20(2):
89-96, 2013. 2

R. Rojas-Gomez, T. Lim, A. Schwing, M. Do, and R. Yeh.
Learnable polyphase sampling for shift invariant and equiv-
ariant convolutional networksAdvances in Neural Informa-
tion Processing System35:35755-35768, 2022. 1, 2, 4, 5,
6, 11

R. Rojas-Gomez, T. Lim, M. Do, and R. Yeh. Making vi-
sion transformers truly shift-equivariant. Rroceedings of
the IEEE/CVF Conference on Computer Vision and Pattern
Recognitionpages 5568-5577, 2024. 2,5

0. Ronneberger, P. Fischer, and T. Brox. U-net: Convolu-
tional networks for biomedical image segmentationMied-

ical image computing and computer-assisted intervention—
MICCAI 2015: 18th international conference, Munich, Ger-

[47]

(48]

[49]

(50]

(51]

(52]

(53]

(54]

(58]

[56]

many, October 5-9, 2015, proceedings, part Ill, X&ages
234-241. Springer, 2015. 6

A. Sarroff, V. Shepardson, and M. Casey. Learning rep-
resentations using complex-valued netsarXiv preprint
arXiv:1511.063512015. 3

C. Trabelsi, O. Bilaniuk, Y. Zhang, D. Serdyuk, S. Sub-
ramanian, J. Santos, S. Mehri, N. Rostamzadeh, Y. Ben-
gio, and C. Pal. Deep complex networkarXiv preprint
arXiv:1705.097922017. 1, 2, 3

M. Vetterli, J. Kovaevic, and V. Goyal.Foundations of sig-

nal processing Cambridge University Press, 2014. 5

M. Weiler and G. Cesa. General e (2)-equivariant steerable
cnns. Advances in neural information processing systems
32,2019. 2

J. Wu, S. Zhang, Y. Jiang, and Z. Zhou. Complex-valued
neurons can learn more but slower than real-valued neurons
via gradient descentAdvances in Neural Information Pro-
cessing System36:23714-23747, 2023. 1

J. Wu, S. Zhang, Y. Jiang, and Z. Zhou. Complex-valued
neurons can learn more but slower than real-valued neurons
via gradient descentAdvances in Neural Information Pro-
cessing System36, 2024. 2

S. Yadav and K. Jerripothula. Fccns: Fully complex-valued
convolutional networks using complex-valued color model
and loss function. 12023 IEEE/CVF International Confer-
ence on Computer Vision (ICC\ages 10655-10664, 2023.

1

Y. Yamaguchi, R. Sato, and H. Yamada. ALOS-2 quad. pol.
images and ALOS ones. IRroceedings of EUSAR 2016:
11th European Conference on Synthetic Aperture Radar
pages 1-4, 2016. 13

R. Zhang. Making convolutional networks shift-invariant
again. Inlinternational conference on machine learnjng
pages 7324-7334. PMLR, 2019. 1, 2,6

X.Zou, F. Xiao, Z. Yu, Y. Li, and Y. Lee. Delving deeper into
anti-aliasing in convnetdnternational Journal of Computer
Vision, 131(1):67-81, 2023. 2



Appendix Claim 2 The following proof is an extension of the real-

) ) o valued demonstration provided in [44, Claim 3].
A. Impact of Stride on Shift-Equivariance

o i Proof. Denote a feature mapand its shifted versio# ,
To understand why the stride is the root of the issue regard-t n Z, such as using Eq. (10) we got;

ing shift-equivariance, let the downsampling be reformu-

lated as an operator (e.g., max, average, convolution) ap- B , _ exp (f (Poly (T n 2)))

plied with a stride ofl followed by subsampling depend- P(K = (KiTnz)= —X% exp f (Poly: (T 2))

ing on the subsampling factor. In this case, the subsam- . P Yithn

pling scheme is hard-wired and returns the values at the in- J2r o (18)
dices modulo the scale factor. For instance, consider a 1Drrom Eq. (8) and giveh shift-invariant, we obtain:
signalf [n] = n and a max-pooling operation with a win-

dow size of2. We rst compute the stridd-pooled signal: f (Poly ()(Tn2)) = f(TwPoly,(2)) = f(Poly,(2)
gln] = max f[n]; f [n+1] , and then sub-sample by taking (19)
every other value: Finally, we have:
k] = g[2k] = fIOLf[A]); ;::0 =[1:3;::: : exp (f (Poly,(z
s[k] = gl2k] = max(f [0];  [1] [L:3::] K= (OTun = xRECH@) o0
I . exp f (Poly, (2))
By shifting the input by one, we gé#[n] = f [n+1], which i 2f 0:1g
ields L
Y = pu(K = ki2) (21)
s9k] = gq2k] = max(f 9oL fq1l); ::: =1[2;4;:::] 0

If pooling were shift-equivariant we would hawdk] = ) ) S

s[k+1], butsq0] = 2 6 3 = s[1], demonstrating that xed-  Claim 3 The foIIQW|ng p_roof is |nsp|reql by the real-
index sub-sampling breaks shift-equivariance. This xed Valued demonstration provided in [44, Claim 4]. Neverthe-
strategy, independent of the input representation, cannot bd€Ss, We provide a simpler and more general demonstration.

hift-invariant/equivariant. .
shift-invarl quivan Proof. First, letN = 2M , note that for any vectgr 2 CM ,

B. Proofs of Claim 1-3

Claim 1 The following proof is an extension of the real- IPoly; (T y) = Tw IPoly,(y) (22)
valued demonstration provided in [44, Claim 1]. IPolyo(y) = TnIPoly,(y) (23)

. . Then, denote a feature mapand its shifted versio# ,
Proof. Let2 , Tz be a shifted version of 2 CN. Re- Tnz, andk = arg max p (K = kjz). We de ne,
k2f 0;1g

callPD(z) andPD(2) are de ned as: - -
u, PU PD(z)andd, PU PD(Tyn2Zz). Sincep; is

PD(z), Poly, (2) (15) shift-permutzztéon-equivariant, the selection index Tag z
is switchedtok = (k)=1 k. From Eq. (17), we
PD(2), Poly; (2) 1) S (k) a7
where k= arg ax P (K = kjz), and R = 0=IPoly, (1 k)Tm +kl) PD(z) (24)
argkgw(z)i;)fg p; (K = kj2). Claim 1 states thap, is shift- Inthe cas& = 0, we have,
permutation-equivariant i.e. thiat = (k)=1 k. So,
from Eq. (8), we show that; 0 =1Poly ; (Tm Polyy(2)) = T IPoly, (Polyy(z))
( = TN u, (25)
Poly,(z) ifk =1;
PD(Tn 2) = =
(Tn 2) Tu Polys(z) ifk =0: and for the cask =1,
=((1 k)Tw+ k1) PD(2) (17) 0 = IPoly , (Poly,(z)) = T IPoly, (Poly,(z))

=Tnu; (26)
with M = bN=2c, showing that PD satis es the shift-
equivariance de nition. O showing thaPU PD is shift-equivariant. O



C. Gumbel Softmax

We rst provide a step-by-step integration process to
highlight how the Gumbel Max-Trick works [20, 39]. We
remind that the Cumulative Density Function (CDF) of the
standard Gumbel distribution i5(z) = exp( exp( 2z)))

and its corresponding Probability Density Function (PDF)
isf(z)=exp( z exp( 2).

The probability P(j =argmax;(g +log
in Eq. (12) where(; = log
Y

P(g +log j >g;+log i) :
i6]

i)) dened
i can be rewritten as:

(27)

arg max function is not differentiable, we replace it with
the Softmax function. A temperature factor allows us

to control how closely the Gumbel-softmax distribution ap-
proximates the categorical distribution [40].

D. Polarimetric Decomposition

D.1. Coherent Polarimetric Decomposition

A common tool for studying the Sinclair matr&is based

on coherent decompositions, which involve of canonical ob-
jects. The underlying reason is that signi cant dispersion
and anisotropy phenomena are expected from coherent (or
arti cial) targets (e.g., cars, airplanes, trucks, buildings),
unlike non-deterministic targets such as vegetation (e.g.,

This probability can be expressed with the Gumbel PDF crops, forests). Therefore, these decompositions can help us

f(:), whereg, = t:

P(g <t +log( j=i)) f()dt: (28)

1 i6]

Using the Gumbel CDH; (:), we obtain:

exp( exp( t log( ;=) f(t)dt; (29)
1 isj
that can be rewritten as:
0 1
Z 1 .
exp@ — exp( t)A f(t)dt:  (30)
Replacing the Gumbel PDF leads to the following:
7 0 1
1 X
exp@ M iAexp( t exp( t) dt:
1 J i6]
(31)
Rearranging terms gives:
I
Z 1 1 X )
exp t i exp( t) dt: (32)
1 i
The following change of variablg= — i exp( t)
] .
leads to the nal results: I
P j =argmax(g +log ;) = X1 (33)
|

i
i
The Gumbel-Max Trick allows for sampling from a cate-
gorical distribution during the forward pass through a neu-
ral network, asz = one_hot argmax(g +log ]
I

pi
i

Categorial [40].  Nevertheless, since the

to distinguish them better. Two well-known representations
are usually used: the Pauli and the Krogager decomposition
[32].

D.1.1. Pauli decomposition

In the context of monostatic SAR, the Pauli decomposition
[10, 33] expresseS as:

_ 10 1 0 0 1 .

S*201%20 17210 G%
where each term = Syy + Syv, = Suny Svv
and =2Syy represent the part of the response of a plate

observed at normal incidence or a sphere, the characteristic
of a horizontal metallic dihedral and the scattering matrix of
a metallic dihedral oriented @6 with respect to the radar
line of sight respectively. Then, we de ne the Pauli vector

1 I .
ask = p—i( - )T which is usually used to estimate the

coherence matrix in Eqg. (39) and to plot an RGB image by
taking the module of each component.

D.1.2. Krogager Decomposition

Are ned alternative approach, proposed by [26—28] consid-
ers a scattering matrix as the combination of the responses
of a sphere, an oriented diplane, and a helix:

S=¢& & skeSs+ kgSa(#)+ knSn(#) ; (35)
10 _ CcosZH sinz#

whereSg = 0 1 , Sq(#) = sin 2# cos 2 and

Sh(#) = e 3* L1 Wwherethe sign in the helix

1
component varies the left or right-handedness, and it must
be accounted for during the estimation of its components.
The identi cation of the parameters is generally performed
in the right-left circular basis:

8
2Ks = JSrLj;
S Kn=Srrj ] Swjika =S ifjSpri> jSiLi;
" kKn = jSiL] ] Srri; Kda = jSrr] Otherwise.
(36)



The conditiorjSgr j > jS.L j denotes the presence of aleft- 1. When the entropy is high, it re ects the completely ran-
handed helix contribution. The coef cienks, kq, andkp dom nature of the observed target. This occurs when the
represent the amplitude of each canonical scattering mechpseudo-probabilities are identical. The anglés de ned
anism contributing to the initially measured scattering ma- X

trix S. From the Krogager decomposition, we can deduce 3 = pi i where ; = arccos(je1j) and whereej;

— T inh i i=1
the vectorh = [kg kn ks]', which is usually used to plot component of thé-th eigenvector of the SCM.
an RGB image.

It varies betwee® and90 and characterizes the type of
D.1.3. Cameron Decomposition the dominant scattering mechanism (surface diffusion, di-

The Cameron decomposition is a coherent target decompohedral diffusion). The relationship between entropyan-
sition that exploits monostatic reciprocity (which forces the 9le, and scattering mechanisms is represented in Figure 2.
off-diagonal terms of the Sinclair matrix to be equal) and A classi cation procedure can be de ned based on the en-
mirror symmetry (the existence of a symmetry axis per-
pendicular to the radar line of sight) to derive a compact
complex descriptor of scattering [6-8]. Starting from the
Pauli scattering vector de ned in Section D.1.1, the anti-
symmetric component vanishes under reciprocity, and one
represents the normalized complex parameter as:

zZ = ke * jks (37)

k1

In the complexz—plane, eleven prototype valugs are as-
signed to various scattering responses. Each resolution cell
is then classi ed by:
Figure 2. H plane separated into areas 1 to 9, each corre-

sponding to a speci ¢ scattering mechanism, with the entropy at

. ] the x-axis and the scattering angle at the y-axis. The black line
AS SUCh, bOth the amplltude and the d0m|nant Coherentrepresents the boundary of phys|ca”y possHMe Couples'

mechanism are estimated per pixel. A classi cation pro-
cedure can be de ned based on thelane.

p = arg m‘i)n iz zpj (38)

tropy and alpha parameters. Indeed, by considering the

D.2. Non-Coherent Polarimetric Decomposition two-dimensionaH space, all random scattering mecha-
N ) _nisms can be represented [16]. Therefore, a pixel belonging
Although coherent decompositions help describe arti cial {5 5 region of theH plane allows a physical interpreta-

targets, they are not suited to analyze random scatteringjgn of the average scattering mechanism.

effects (forests, elds, vegetation, etc.). To Il this lack,

the Pauli vectok is usually modeled by the multivariate, E. Datasets

centered, circular complex Gaussian distribu@X(0; T)

which is fully characterized by the covariance maifix= E.1. San Francisco Polarimetric SAR ALOS-2

H X . e .
E Pk TS Aé Th|s co:/k?nanck:‘ethmatgx IS Fstlcmateq Iocalll\)//l c;q The San Francisco Polarimetric SAR ALOS-2 dataset
aro image throug € sampie Lovarnance Matnix o, open-source PoISAR dataset. More precisely, it is an

(SCM)T computed on a set of samples taken in a spatial L-band polarimetric SAR image with a ground range res-

Sl W olution approximatinglOm that has been acquired by the

= 1 ki kH (39) satellite ALOS-2: due to the penetration capability of the L-
N i=1 band wave into forest, vegetation, snow, and soil medium,

The entropyH indicates the randomness of the overall ALOS-2 brought precious information on the earth surface
e objects [54]. Note that the San Francisco Polarimetric SAR

backscattering phenomenoit = pi logp; with the ALOS-2 dataset is dull polarimetric SARdata, i.e., the

i=1 four channels of the image represent the four elements of

pseudo-probabilities = ;= P 13:1 , where ;arethe the Sinclair matrix. Due to the monostatic SAR context,

, i we transform it into a three-channel image. The dataset is
eigenvalues of the SCM . EntropyH varies betweer® built by cropping the22: 608  8080image into64 64

and1. A low entropy indicates that the observed target . verjapping tiles, resulting in a datase#df478three-
is pure and the backscattering is deterministic. This is re-

ected by a single non-zero normalized eigenvalue close to  3https://ietr-lab.univ-rennes.fripolsarpro-bio/san-francisco/




channel tiles. Tiles are randomly assigned to the training,
validation, and test folds witl70% for training, 15% for
validation, and15% for test. Note that the image in the
experiments is a crop of the original image to reduce com-
putation cost, resulting in4200 2000image.

E.2. PoISF

The PoISF dataset is a segmentation dataset segmentation
mask [37]. The segmentation mask comprigeslasses
(plus one unlabeled class) corresponding to various terrain
types (e.g., water, forests, urban areas). The dataset is
strongly imbalanced as some classes are more represented
than others. Similar to the San Francisco Polarimetric SAR
ALOS-2 dataset, the PoISF dataset is constructed by crop-
ping the4200 2000image into64 64 non-overlapping

tiles, resulting in a dataset 8897three-channel tiles. Tiles

are randomly assigned with a sampling weight based on
their majority class to the training, validation, and test folds
with 70%allocated to trainingl 5%to validation, andl5%

to test.

E.3. SISLCCVDL _ . .

_ ing rate varying betweehO 2 and10 2 depending on the
The SISLCCVDL® is an open-source POISAR dataset projection function. Indeed, memory-intensive projection
[42]. Itis a C-band polarimetric SAR image with a ground fynctions likePolyDec andMLP necessitated reducing the
range resolution [19]. This dataset compris®& 571 patch size and, by extension, the learning rate. The model
two-channel images semantically annotated in 7 different g trained for100 epochs. For both RVNNs and CVNNs,
classes. Note that the S1SLC CVDL dataset islual- we set the number of layers in the encode#tawith an
polarimetric SARdataset, i.e., the two channels of the im- jpitial number of channels set th6. To address the class
ages represent tH&,y andSyy elements of the Sinclair  jmpalance issue, we have implemented a complex-valued
matrix. Like the PolSF dataset, tiles are randomly assignedyersion of Focal Loss [36] for CVNNs and utilized the real-
with a sampling weight based on their majority class to the yajyed version of Focal Loss for RVNNSs. Finally, we have
training, validation, and test folds witli0% allocated to used theReLU activation for RVNNs, andnodReLU for
training, 15%to validation, and.5%to test. CVNNSs. For the shift-equivariant models relying on the

" Figure 3. Confusion matrix of a CVNN LPBILP for classi ca-
tion on S1SLC CVDL

Gumbel Softmax, we have set the initial temperature value

Model Trainable Parameters Inference Time (ms 5 . .
ResNet LPS MLP 2 447560 488 0.08 10 e Table 4 shqw; that the sh|ft-equwar|ant CVNN LPS
ResNet LPS PolyDe 2. 446,100 3856 0.17 variants have a similar amount of trainable parameters, but
ResNet LPS Norm 2,445,995 1870 0:.07 differ greatly during inference time. We see a clear corre-
ResNet APS 1,226 467 7:56 0:30 lation between the number of trainable parameters and the
) ) _ __inference time: as such, tiNorm variant is the least costly
Table 4. Trainable parameters and inference time for shift-

equivariant CVNN variants on the S1SLCVDL dataset. In- In time "?‘”d memory, Wh”.e theILP Varlant is the mos'.[

ference time is reported oBO iterations. CVNN Learnable Qemandlng one. Interestingly, W,e notice that the projec-
Polyphase Sampling (LPS) variants are more costly than the shh‘t-t'or_1 layer does not have_a great impact on the number of
equivariant Adaptive Polyphase Sampling (APS) model, both in trainable parameters (switching from LPS to APS has a far

number of trainable parameters and in inference time.

F. Experimental setup

F.1. Classi cation

greater impact on this aspect).

F.2. Semantic segmentation

For the training of the UNet, we have chosen the AdamwW
optimizer [38] with a weight decay & 10 * and a learn-
ing rate of10 2. The model is trained fo00epochs. For

optimizer [38] with a weight decay of0 ° and a learn-

4https://ieee-dataport.org/open-access/s1slccvdl-complex-valued-

annotated-single-look-complex-sentinel-1-sar-dataset-complex

the encoder and the decoder4owith an initial number of
channels set tth6. The rest of the setup is similar to the pro-
cedure presented in Appendix F.1. Table 5 shows that the



Model Trainable Parameters Inference Time (ms Model Trainable Parameters Inference Time (ms
UNet LPS MLP 3; 297,660 2920 0221 AE LPS MLP 2;898 626 88198 0:03
UNet LPS PolyDec 3;296 200 23.05 0:.07 AE LPS PolyDec 2;898 042 7529 0:05
UNet LPS Norm 3;296 095 1410 0:27 AE LPS Norm 2:898 000 46:50 0:02
UNet APS 2,075 588 1175 040 AE APS 1,750 348 24:23 0:.01

Table 5. Trainable parameters and inference time for shift- Table 6. Trainable parameters and inference time for shift-

equivariant CVNN variants on the PoISF dataset. Inference time is equivariant CVNN variants on the San Francisco Polarimetric

reported orb0 iterations. CVNN Learnable Polyphase Sampling SAR ALOS-2 dataset. Inference time is reported Ghitera-

(LPS) variants are more costly than the shift-equivariant Adaptive tions. CVNN Learnable Polyphase Sampling (LPS) variants are

Polyphase Sampling (APS) model, both in number of trainable pa- more costly than the shift-equivariant Adaptive Polyphase Sam-

rameters and in inference time. pling (APS) model, both in number of trainable parameters and in
inference time.

shift-equivariant CVNN LPS variants have a similar amount
of trainable parameters, but differ greatly during inference els relying on the Gumbel Softmax, we have set the ini-
time. We see a clear correlation between the number oftjal temperature value t6:001, the gamma value t6:1,
trainable parameters and the inference time: as such, theind the minimum value td0 5. Table 6 shows that the
Norm variant is the least costly in time and memory, while shift-equivariant CVNN LPS variants have a similar amount
the MLP variant is the most demanding one. Interestingly, of trainable parameters, but differ greatly during inference
we notice that the projection layer does not have a greatim-time. We see a clear correlation between the number of
pact on the number of trainable parameters (switching fromtrainable parameters and the inference time: as such, the
LPS to APS has a far greater impact on this aspect). Norm variant is the least costly in time and memory, while
the MLP variant is the most demanding one. Interestingly,
we notice that the projection layer does not have a great im-
pact on the number of trainable parameters (switching from
LPS to APS has a far greater impact on this aspect).

G. Additional Results

G.1. Classi cation

In addition to the results presented in Section 4.2, we in-
clude the confusion matrices of the CVNN LR&.P and
the CVNN LPF to showcase the impact of our method
against a non-shift-equivariant CVNN. As we can ob-
serve from Figures 3 and 4, the confusion matrix of the
CVNN LPS MLP is better. The semantic classes of the
S1SLC CVDL dataset are de ned as follows: Agricultural
elds, Forest and Woodlands, High-Density Urban Areas,
High Rise Buildings, Low-Density Urban Areas, Industrial
Regions, and Water Regions. The confusion matrix from
Figure 4. Confusion matrix of a CVNN LPF for classi cation on  Figure 3 shows a better distinction between urban areas than
S1SLC CVDL the confusion matrix from Figure 4: High-Density Urban
Areas, Low-Density Urban Areas, and Industrial Regions.
. This result is crucial as it highlights that our proposed ap-
F.3. Reconstruction proach increases the viability of neural networks for real-
For the training of the AutoEncoder, we have chosen the life applications.
AdamW optimizer [38] with a weight decay & and a
learning rate o5 10 4. The model is trained foB0
epochs. We set the number of layers in the encoder and thén addition to the results presented in Section 4.3, we in-
decoder t@, with an initial number of channels &4. As clude the visualizations of the CVNN LA®lyDec and the
expected from the unsupervised nature of the reconstructionrCVNN LPF to showcase the impact of our method against a
task, we have used the Mean Squared Error loss functionnon-shift-equivariant CVNN. As we can observe from Fig-
Finally, we have used th&elLU activation for RVNNSs, ures 5 and 6, the predicted segmentation mask of the CVNN
andmodReLU for CVNNs. For the shift-equivariant mod- LPS PolyDec is smoother and closer to the ground truth.

G.2. Semantic Segmentation



Figure 5. Results obtained with a CVNN LA®lyDec for se- Figure 6. Results obtained with a CVNN LPF for semantic seg-
mantic segmentation on PoISF. Left: ground truth segmentation mentation on PolISF. Left: ground truth segmentation mask. Mid-
mask. Middle: the complete prediction (without a mask for the dle: complete prediction (without a mask for the unlabeled class).
unlabeled class). Right: prediction (with a mask for the unlabeled Right: prediction (with a mask for the unlabeled class). Bottom:
class). Bottom: confusion matrix between ground truth and pre- confusion matrix between ground truth and prediction

diction

truth.
The semantic classes of the PolSF dataset are de ned as folThe semantic classes of the are shown in Fig-
lows: Mountain, Water, Vegetation, High-Density Urban, ure 2 and de ned as follows: Complex structures, Ran-
Low-Density Urban, and Developed Area. The confusion dom anisotropic scatterers, Double re ection propagation
matrix from Figure 5 shows a better distinction between effects, Anisotropic particles, Random surface, Dihedral re-
natural areas than from Figure 6: Mountain and Vegetation. ector, Dipole, and Bragg surface. Similarly, the seman-
This conclusion is further supported by latent spaces visu-tic classes of the Cameron are de ned as follows: Non-
alization from Figures 7 and 8. We also have fewer artifacts reciprocal, Asymmetric, Left helix, Right helix, Symmet-
in the middle of correctly labeled zones (such as wrongfully ric, Trihedral, Dihedral, Dipole, Cylinder, Narrow dihedral,
predicting the presence of a forest in the middle of an urbanand Quarter-wave.
area). As stated in G.1, this result highlights the advan- The various visualizations allow us to make a general obser-
tages of our approach over traditional architectures regard-vation: polarimetric decompositions (Pauli, Krogager, and

ing real-life applications. H ) and reconstruction metrics (amplitude and angular
distances) are incredibly better for the CVNN LP&8yDec
G.3. Reconstruction model 9 when compared to the CVNN LPF model 10. We

believe that such results show promising perspectives re-

clude the visualizations of the CVNN LA®lyDecand the  the reconstruction of PoISAR images.

CVNN LPF to showcase the impact of our method against
a non-shift-equivariant CVNN. As we can observe from
Figures 9 and 10, the reconstruction of the CVNN LPS
PolyDec is almost perfect when compared to the ground



Figure 7. UMAP visualization of the latent space from CVNN LP&yDec on PoISF dataset.

Figure 8. UMAP visualization of the latent space from CVNN LPF on PolSF dataset.



Figure 9. Reconstruction results obtained from CVNN LR8yDec on San Francisco Polarimetric SAR ALOS-2 dataset. Up-Left:
Amplitude images of the original (left) and reconstructed (right) images with the Pauli basis. Up-Middle: Images of the original (left)
and reconstructed (right) images with thie classi cation. Up-Right: Down-Right: Confusion matrix of the original (rows) and
reconstructed (columng) classes. Down-Left: Amplitude images of the original (left) and reconstructed (right) images with the
Krogager basis. Down-Middle: Images of the original (left) and reconstructed (right) images with the Cameron classi cation. Down-
Right: Confusion matrix of the original (rows) and reconstructed (columns) Cameron classes.
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