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ABSTRACT

This paper presents adetailed theoretical analysis of arecently
introduced covariance matrix estimator, called the Fixed Point Es-
timate (FPE). It plays a significant role in radar detection applica-
tions. This estimate is provided by the Maximum Likelihood Es-
timation (MLE) theory when the non-Gaussian noise is modelled
as a Spherically Invariant Random Process (SIRP). We study in
details its properties: existence, uniqueness, unbiasedness, consis-
tency and asymptotic distribution. We propose also an algorithm
for its computation and prove the convergence of this numerical
procedure. These results will allow to study the performance anal-
ysis of the adaptive CFAR radar detectors (GLRT-LQ, BORD,...).

1. PROBLEM STATEMENT AND BACKGROUND

Non-Gaussian noi se characterization has gained many interestssin-
ce experimental radar clutter measurements showed that these data
are correctly described by non-Gaussian statistical models. One of
the most tractable and el egant non-Gaussian model comesfrom the
so-called Spherically Invariant Random Process (SIRP) theory. A
SIRPisthe product of a Gaussian random process - called speckle
- with anon-negative random variable - called texture. This model
leads to many results[1, 2, 3, 4].

The basic problem of detecting acomplex signal corrupted by
an additive SIRP noise c in am-dimensional complex vector y al-
lowed to build several Generalized Likelihood Ratio Tests like the
GLRT-Linear Quadratic (GLRT-LQ) in [1, 2] or the Bayesian Op-
timum Radar Detector (BORD) in[3, 4].

Let us recall some SIRP theory results. A noise modelled
as a SIRP is a non-homogeneous Gaussian process with random
power. More precisely, a SIRP [5] is the product of a positive ran-
dom variable 7 (texture) and a m-dimensional independent com-
plex Gaussian vector X (speckle) with zero mean covariance matrix
M = E(xx") with normalization tr (M) = m, where { denotesthe
conjugate transpose operator :

c=+TX.
The SIRP PDF expression is:

+oo
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In many problems, non-Gaussian noise can be characterized
by SIRPs but the covariance matrix M is generaly not known

and an estimate M is required. Obvioudly, it has to satisfy the
M-normalization: tr (M) = m.

gm(c,7)

Intheliterature[6, 7], the Normalized Sample Covariance Ma-
trix Estimate (NSCME) defined as follows is usually used:

i -~
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wherel < i < N ,¢; = /7 X; are m-dimensional indepen-
dent complex SIRP vectors and x; are m-dimensional independent
complex Gaussian vectors with zero mean and normalized covari-
ance matrix M.

This estimate is remarkably independent of the texture statis-
tics. However, despite of thisinteresting property, the NSCME (3)
suffers the following drawbacks:

e itisahiased estimate;

o the resulting adaptive Generalized Likelihood Ratio (GLR)
is not independent of matrix M characteristics.

In the next sections, we propose to introduce and analyze an
improved estimator of M: the FPE estimator.

2. THE FIXED POINT ESTIMATOR M ¢ p

Conte and Gini in [8, 9] have shown that the Maximum Likelihood
estimator M of M isa solution of the following equation:
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Existence and uniqueness of the above equation solution have
been investigated in a previous paper [10] and we briefly recall
here the main resultsin Theorem 1.



Let function f be defined as:

cicl
(). ®

and notice that f can be rewritten as follows, which shows that M
is also texture statistics independent:

s

Theorem 1
1. thefunction f admitsasinglefixed point, calledM f,,, which
verifies
f(mfp) = pr~ (7)
2. Let usconsider the recurrence relation

m ~

|\A/|t+1=mf('v|t) (8)

Then Mt g pr
t—oo

The point one of the theorem shows that the Maximum Like-
lihood estimate M f,, exists and is unique.

Relative Error convergence

t

=M/ m

— = IIM,,, = MI/IIM]ll for the matrix 2-norm
IIM,_; = MI71IM|ll for the matrix 1-norm
10| — M, = M{I71IM]ll for the Frobenius norm
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Fig. 1. lllustration of the convergence to the fixed point.

Figure 1 illustrates the second point of the above theorem. On
thisfigure, the relative error Hf( +) — M¢||/||M¢]| has been plot-
ted versus ¢ with initial value Mo = M ysons 3.

Other simulations have been performed with different initial
values M (ex : sample Gaussian covariance estimate, matrix with
uniform PDF, deterministic Toeplitz matrix), each of them con-
ducting to the same value with an extremely fast convergence :

Hf(M\t) - M\tH K’ 0

But M ;,, isonly given in (7) asanimplicit function of the data:
thereis no closed form expression for M ¢,,. So, it is a significant
feature to characterize M ¢, by its properties. The statistical prop-
erties have never been investigated. The purpose of this paper is

to fill these gaps by establishing the bias, the consistency and the
asymptotic distribution of this random matrix: this is the aim of
the next section.

3. Mpp PROPERTIES

In order to simplify the notations in the proofs, let us define the
following quantities:

e M =My,
. A:M*1/2MM’1/2 m Wherel,,, isthem x m iden-
tity matrix;

e X = vec(A) where X is the vector containing al the el-
ements of A and vec denotes the operator which reshapes
the m x n matrix elements into amn column vector;

e T denotes the transpose operator.

3.1. Biasand consistency
Proposition 1 M fp iISUNbiased and it is a consistent estimator.
Proof 1 This proof will appear in a forthcoming journal paper.

It is too long to fit here and we decided to detail the proof of the
next proposition.

3.2. M, covariance matrix

Proposition 2 We have the following original results with the above
notations:

Re(X) law
L \/N|: Im(X) } N—+oo
resents the convergence in distribution;

N (0y,,2 ,C) , where 1 rep-

2
2. NE(XXT) = (m_“) C1 where
m
_ . m 1 Ty .
Ci = ] (P— Evec(lm)ve(:(lm) ) )
1 2
3. NE(XX') = (ﬂ) C. where
m

- %vec(lm)vec(lm)T) . (10

|

isfully characterized by thetwo quantitiesE (XX ") and E (XX1).

m
C= e

Notice that C, which is the covariance matrix of Rn?(ig

Proof 2 First, let usdefineM = M + A; . Notice that

A =M72AMYZ . (12)
For large N, A1 ~ O, xm because of the M consistency.

We suppose N to be large enough to ensure the validity of the
first order expressions.



M = (M(m+M'Ay))™
= (lm+MTA) "M
~ (lm—MTA;)M™
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For N large enough, thisimpliesthat:
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Hence,

A XiX; M. (13
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Let us definey, = M~'/2x; wherey, are gaussian iid com-
plex vectors with identity covariance matrix. Then,

N *
M~ 2ZA M Y2 ~ m YiYi |
N i=1 y7, ( m T M_I/QAM_l/Q) yz "
(14)
or equivalently using expression (11),
(15

N
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e obtain at the first order, for large N,

yiYi yi Ay, )_ 6
NZ(VZVZ( yzyi) b (8

To find the explicit expression of A in terms of data, the above
expression can be reorganized as:

m V.Yi i Ay, V.Yi
A—N;( ) NZ( )—Im. (17)

Yivi YiVs YiYi

To solve this m?2-system, the above equation has to be rewrit-
ten as:

BX =~ vec (%ﬁ:(yy) —|m> : (18)

YiYi
where

e X =vec(A),

mN
[ ] —m2fﬁzyyz

e D; isthem? x m? matrix defined by D; = (dj;)""
with

1<k,l<m?2

drt = Yp Yq Ypr Yg!

m(g—1) with
m(q —1) with

I<pg<m

k=p+
and{l /+ 1§p',q’§m

Notice that the vec operator reorganizes the matrix elements
asfollows: if H = (hi;),_, ., andvec(H) = (vi)1<pam? .
then h” =y for k = (_] —71)’/“7/1 +7.

Let us set in equation (18):

— vec <N Z (i’;) - > . (19)

Using the Central Limit Theorem (CLT), theright hand side of
equation (18) satisfies:

Re(A)
\/N{ Im(A) } ﬁ>N(0W G), (20)
Re(A)
ImA) |’

while B at theleft hand side, by the Srong Law of Large Num-
bers (SLLN), has the following property:

where G isthe covariance matrix of

a.s. Dz
B—— = -mE|[ —— . 21
Nt C2 7 lm2 mm ((yzyi)Q) (=)

Thus, from standard probability convergence considerations,
we obtain the first point of proposition 2. Moreover, for large IV,
we have the following equations:

T _ -1 T -1
]E(XXT) = (ZQ_IIE(AAT)CEl 22)
E (XX") = C;'E(AAT)C,
Let us now turn to the closed form expression of Cs .
D
C2=|m2—mE(—) , (23)
(yy)?

where D isthem? xm? matrix defined by D =
with dkl = UYp yq yp’ Yq' -

(dkl)lgk,lgnﬂ

Now, aswe havey = (y1,.. .,ym)T ~ N(Opm, ), wecan
rewritey; = \/r;/2 exp(if;) wherevj € {1...m},r; and 0;
areindependent variables, withr; ~ x2(2) and6; ~ U([0, 2x]) .

Then, V1 < p,q,p’,q < m, let us set for the elements of
E=E <—D 2) in (23):
y*y)
Yp Yq Yp Yg'
(y*y)?
Thus, with the above notations, we have:

Tp Tg Ty Ty’
Eu=FE <7W> E (exp(i(0p — 04 + 0y — 0,)))
j=1"7

We can notice that E (exp(i(6,
and only if

lLp=q=p =4,

2.p=q,p'=q ep#yp,

3 p=p.q=q ep#q,
which is equivalent to:

L k=l=p+m(p-1),

79q+9q/ 7917/))) ;é 0 if



22 k=p+mp-—1,l=p +m@p —1)andp #£p ,ie
k1
3 k=p+m(g—1),l=p+m(g—1) andp #q.

Finally, the non zero elements of the matrix E are:
2

p 2
L Eptme-1).ptme-1) =E (7(Zm 7"1)2> ~m(m+1)

=1

Tp Tp’

2. Epim(p—1),p/+m(p'—1) = E <(

. g\ _ 1
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In summary, we obtain the closed form expression of C, given
by (10). In a similar way, we have derived the following results:

e C; =

1 .
e (p _ EVGCUm)VeC('m)T) where P isthe
m? x m? nilpotent matrix defined as follows:
P; =0 andfor 1<p,p' <m:

ptm(p—1), pm(p—1) = L,
- Potm—1), p'+mp-1) = 1,
e NE (AAT) =C; and NE (AAT) = C.

4. APPLICATIONS

In radar detection, the following test is used to detect, in an m-
vector observation z, a complex known signal s whose Doppler
characteristics are represented here by its steering vector p:

T|\7|_122 Hy
I Y
(ptM "p)(zIM 2) Ho

In a previous paper [10], we have derived the closed form expres-
sion of the relation between the Probability of False Alarm (PFA)
and the detection threshold A, under Gaussian noise assumption
and for M equal to the sample covariance matrix (Wishart dis-
tributed).

As illustrated on the Figure 2, results obtained in this paper
allowed us to show that the previous relation is surprisingly still
valid under any SIRP noise and for M equal to the FPE. Indeed,
the covariance matrix of the Wishart matrix (not done in this pa-
per) is the same near to a multiplicative scalar factor as the FPE
covariance matrix established in this paper. Then, the asymptotic
behavior of the previous estimatesis the same near to amultiplica
tive scalar factor.

AM) =

(24)

5. CONCLUSIONSAND OUTLOOK

We have established in this paper the theoretical statistical prop-
erties (unbiasedness, consistency, asymptotic distribution) of the
MLE SIRP kernel covariance matrix estimate. Simulation results
have confirmed the validity of thiswork.

These properties will be of practical usein radar detection for
establishing the statistics of the GLRT-LQ or BORD radar detec-
tors. These adaptive detectors built with the FPE will have the fol-
lowing significant feature: they will be SIRP-CFAR (independent
of the texture statistics as well as the structure of the covariance
matrix M of the SIRP gaussian kernel).
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Fig. 2. Relation ” PFA-threshold” for different SIRP noises
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