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ABSTRACT

Standard covariance matrix estimation procedures can
very affected by either the presence of outliers in the data

gdore precisely, one of the contributions of this paper
Js to derive the theoretical bias of the NSCM and the FP

some mismatch in their statistical model. In the Sphercall arising from disturbances. The paper is organized as fsllow

Invariant Random Vectors (SIRV) framework, this paper: section 2 formulates the problem while section 3 provides
proposes the statistical analysis of the Normalized Sampi'€ Main results. In section 4, simulations validate the
Covariance Matrix (NSCM) and the Fixed Point (FP)t eoretical analysis and illustrate the robustness ofethes
estimates in disturbances context. The main contributfon ¢S Stimates. Finally, section 5 concludes this work.
this paper is to theoretically derive the bias of the NSCM
and the FP arising from disturbances in the data used to
build these estimates. The superiority of these two estisnat 2. PROBLEM STATEMENT
is then highlighted in Gaussian or SIRV noise corrupted bys SIRV is a non-homogeneous Gaussian process with ran-
strong deterministic disturbances. This robustness can hom power. More precisely, a SIRV [8] is the product of
helpful for applications such as adaptive radar detection othe square root of a positive random variabigexture), and
sources localization methods. an m-dimensional independent complex Gaussian vegtor
(speckle) with zero mean, covariance matid = E (xx")

normalized according to TM) = m:
1. INTRODUCTION

. . L . L c=+Tx. Q)
Many signal processing applications require the estimatio

of the data covariance matrix. This is the case for instaﬂCﬂowadayS, SIRVs are increasing|y used to model impu|sive
for source localization techniques such as conventionaipise. In most applications, the speckle covariance mistrix
beamforming and high resolution methods (CAPON,of great importance (e.g adaptative detection in radaatyon
MUSIC, ESPRIT,...) [1, 2, 3]. Adaptive radar and sonarand must be estimated if unknown. For that purpose,
detection methods also depend on the noise covariance mg- independent snapshogs,,...,yx are usually available.

trix estimate [4]. In these cases, the estimation accurasy h |deally, theseN data should share the same distributioras
a strong influence on the resulting performance. Howevejp (1).

standard estimation process can be very affected by either

the presence of outliers in the data or some mismatch oRowever, in many situations, it may happen that some
their statistical model. of these data, let us say thefirst ya,...,yk, are outliers

) ) with a different distribution thar. Thus,yy,...,yn may be
In the conventional Gaussian framework, the well-knownspjit into two sets :

Sample Covariance Matrix (SCM) [5] is the Maximum

Likelihood Estimate (MLE) and is therefore widely used Yk = Pk for l<k<K;

for its good statistical properties : unbiasedness, effiie { yn=cn=Tpxn forK<n<N; @
asymptotic Gaussianity,... Unfortunately, this estimatgy o

perform poorly when the noise is not Gaussian anymoreyherec,, 1, andx, share the same distribution@sr andx.

One of the most general and elegant non-Gaussian noise

model is prOVided by the so-called Spherically Invariant In th|s paper, the Out"erpk will be assumed to be ran-
Random Vectors (SIRV). Indeed, these models encompaggym vectors with arbitrary distributions, and our purpase i

a large number of non-Gaussian distributions, includiregy th o study the robustness of two speckle covariance matrix es-

Gaussian one. Within this modeling, it has been shown thaimates : the NSCM and the FP. The NSCM, originally intro-
the Normalized Sample Covariance Matrix (NSCM) andqyced in [9, 10], is defined by :

the Fixed Point (FP) are appropriate in terms of statistical

performance [6, 7]. Moreover we will show in this paper - mN yoyH
that the NSCM and FP are also less sensitive to disturbances Mnscm = N z i (3)
(outliers) than the SCM. Sl yn

The authors would like to thank the Direction Générale’denhement Its statistical properties have been derived in [6] in an

(DGA) to fund this project. ideal outlier-free context : (3) is a biased estimatévbf



Proof 3.1

The FP estimate [11, 12, 13], defined as the unique€€AppendixA.
solution of the following equation

N H Now let us turn to the FP estimate.
ﬁpp = m & (4)
N& yHMedyn Theorem 3.2

ForN >> K, the additionnal bias (6) due to outliers is given
is obtained in practice, by an appropriate convergenby
algorithm [11]. It exhibits good statistical performance

(consistency, unbiasedness and asymptotic gaussiafity) [ m+1/[ K pka K
in the outlier-free case. Afp=—— {ﬁ} - — 9)
N \\& [pkM7p] m
3. MAIN RESULTS In the Hdata contamination model (6), the term
Let M denote a speckle covariance matrix estimate (NSCME {%} in (9) is given by
FP, ...). The goal of this section is to derive its robustness Pk Pk
to outliers within the framework (2). For that purpose, the H E
additionnal biasA due to the presence of outliers is defined E {&] ( _ ¢
as N N P M~ 1pg g M~y
A = E(M|Koutlierg — E(M]| no outliep. (5) [ my| mym}! E[1]
E[T]( AN -1 2) AnT—1 AN -1
my M~1tmy)? ) m!M~tmy  my' M~1myg

In this sequel, we will simply wnteE( ) for E(M| K out- H H
liers). Two results will be provided for each estimate : a <M— ﬂ) < _ ﬂ) . (0
general expression @k, and a more specific one valid only mEM*lmk mE M-1m
for a particular type of outliers :
Remark 2
Pk = my + ¢, (6)  When||my|| — = (very strong data contaminatiom\gp re-

wherem, is deterministic and much stronger than the SIRVduceS fo

component : || my ||>>| c« ||. Expression (6) accounts m+1/X  mumH K
for the so-called "data contamination” case, often met in Arp = <Z H 7'1‘ ——M]. (12)
some adaptative detection problems. In the sequel, it will b N my ' M~ my
referred to as the "data contamination model” for outliers.
Proof 3.2
See Appendix B.
Theorem 3.1 -
Let us denot&VIngem = E(Msom|no outlierg. The addi-
tionnal bias (5) due to outliers is given by : Expressions (7) and (9) show that both the NSCM and

the FP are robust estimates since their additional biases do

K PkP not depend on the outliers norm but solely on the quantities
Anscm = ——MNSCA/I+ N z [ kz] (7) Pk P Y a
([P P
- okl
For the data contamination model (6), the tét in L . . .
© ||pk|2] This is in contrast with the widely used SCM which is

(7) is given by : already known to be a poor estimate in impulsive noise. Fur-
thermore, when outliers are present and in a SIRV context,
H the resulting bias is trivially shown to be equal to
E [pkpkz} _
([Pl

1X K
Agv ==Y E[ppf] - cE[1]M 12
( Cm E[T] [ ]mEMmk) mkmE M = N Z [pkpk} N [ ] ) ( )
[y 2 ([ [* ) [Je2 o " .
H H which is obviously very sensitive to strong outliers.
N E[1] <I— mymy’ ) M <I— mym; > ®)
[y 2 [y |2 |2/
4. SIMULATIONS
Remark 1 . .
When||my|| — o (very strong data contaminatiom\nsoy 19 illustrate previous theorems and analyze the robustness
simplifies to : of studied estimates (SCM, NSCM, FP), we compare our
theoretical values oA with those obtained by simulations.

mym! InallcasesM =1, m=3,N=50 andK = 1.

K m K
Angcm = _NMNSCM+ N Z
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Figure 1: Frobenius norm @A for the SCM, NSCM and FP  Figure 3: Frobenius norm & for the SCM, NSCM and FP
versus disturbances power for a Gaussian noise. versus disturbances power for a Gaussian noise: data con-
tamination model.
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Figure 2: Frobenius norm @ for the SCM, NSCM and FP

versus disturbances power for a K-distributed noise. Figure 4: Frobenius norm oA for the SCM, NSCM and
FP versus disturbances power for a K-distributed noisea dat
contamination model.

On figures 1 and 2 we study the validity of the general

expressions (7) and (9), for a single distubance of the form

p = ad wherea is a random Gaussian variabl¢ (0, 0?)

and d a fixed unit norm steering vector. Plots give theThese simulations prove the validity of the general ex-

Frobenius nornj.||r (in dB) of Ascm, Anscm andApp as  pressions (7) and (9) of the bias. Furthermore, they show

a function of 2009,0(0y). Figure 1 addresses the Gaussianthe insensitivity of the NSCM and the FP with respect to the

noise casety = 1 in equation (2)), while in figure 2 the outliers strength, while the SCM’s performance is strongly

noise is K-distributed 1, follows a Gamma distribution). degraded when the outliers power increases.

The K-distribution parameter is equal to 0L which results

in a highly impulsive noise.



In the next two simulations (figures 3 and 4), we inves- m N xpch Lm K pkpk
tigate the domain of validity of the approximate expression N Hr1 N
(9) and (11) in the data contamination case (6). On figure n=R+1 X MgpXn & pl! Meg p
3 the noise is Gaussian while on figure 4, it follows a (14)

K-distribution. As expected, for larggm;||, experimen- A . 1o _
tal results are close to the approximate expressions. On By settingR =M™ /2MepM Y2 one obtains:
figure 4 we also notice a better overall adequacy between

experimental and approximate curves for the FP and for the R — m N ZnZﬁ m £ aq E 15
NSCM estimates. We can roughly explain that behavior in [ - 12" Rz, N Z Eﬁ 1’ (15)

the case of highly impulsive noise. Indeed, in this context,
one hag|mj|| >> ||c1|| with high probability, even for weak where

disturbances. Thus the approximate expressions remaiR z, — M~1/2x, is complex gaussian distributed with zero
valid in a wider domain fOﬂ mlH than in the Gaussian case. mean and covariance matiix
o qu=MY2p,

5. CONCLUSION Previous equation (15) admits a unique solution such that

In this paper we have investigated the robustness of twqrr(R) =m. WhenN tends to+o and for fixedK, equation
covariance matrix estimates, the NSCM and the FP, whe(l5) tends to

part of the data are outliers. In this context, we have ddrive zzH

theoretical formulas of the bias for an arbitrary distribat A=mE |:HA7—1:| . (16)
of the disturbances. In the data contamination case which z z

is met in some applications, we have established Simp|ﬂ/herezwfg</1/(0 I).

approximate bias expressions. It has been proved in [6] that the unique solution of (16)
These theoretical investigations have been validated bynhich satisfies TrA) = mis A =1

simulations results, and they demonstrate the superlorlty

of the NSCM and the FP over the standard SCM, in termgonsequently, whenN tends to +e, R solution of
of robustness. The results are of particular interest irquation (15) tends td, solution of equation (16). This

apphcztmns such as adaptive radar and source localiealiq.giap|ishes the consistencyRf Thus, for largeN, one has
methods

R = I+ AR where|AR|| << ||I].

A. PROOF OF THEOREM 3.1 Assuming thaf\R. is small enough to ensure the validity
(7) is trivial, therefore we provide only the proof of thepre  ©f & first-order expansion, (15) can be written
H
3.1in the data contamination case. Let us reV\Ei{ kp”kz] IiAR_T N ZnzH
k =3 B
as P N, %78 1-AR)z,
[pkpq _E [(Ck+mk) (Ck+mk)H} LMo akay
e foctmd? )’ N 2, af (- AR) ax .
Ck m N z,zH zH ARz,
and sete, = ——. For large||my||, a second order expan- ~P+ T T2 BT
T Ty | N f [zal
sion with respect to theys leads to : m z q ARqx o
H N&  llaxl*
[pkpk _
”pkH2 m K H
Ak i
E[T] my Mmk) mkmE whereP = — .
1-m +E[1] (13) N\&; [lax/?
( |2 o[/ o2 =
T mym, mym
+ 5 ( k2> (I kz . SinceK << N and|/AR|| << 1, the last term in the above
||| [|my|| [[my| : ; )
equation may be neglected leading to :
This concludes the proof. N — m N 5 HHARS
I+AR = P+TRN$M+N 4 nznizn
& llznll? zall
B. PROOF OF THEOREM 3.2 m N, H
WhereRNg;M n=n
Within the framework (2), the FP estimate (4) can be written N-K %1 llzn||2

Now, let us define

K
m Pkpk ~
— = e 5=vedAR),i=vedl), tn = —"_,
i Meder N ol Mibpy AAR), 1=vedD), tn =

N H
—~ CnCp
MEgp =

Zl3



o dngem = Vved Rygem — I) = veq ARy ), Where veg.)
denotes the operator which reshapesthen matrix el-
ements into an column vector.

Then, one obtains

i18=p+ R st T
=Pt— Neom T

N

Z(tﬁ@tn)(tﬁmn)'*é) (18)
n=K+1

where* denotes the conjugate operator anthe Kronecker
product.

By noticing that TfAR) = 0 impliesit'é = 0, the pro-

jection of equation (18) onto the orthogonal subspacé of

gives:

N—-K

m
& = Mip -+ = Snsom + (5 i

N
Z (t;®tn)(t;®tn)”ﬂ%6>7
n=K-+1

1 .
wherel =1 — E]iiH and where the equalityli"6 = & has
been used.

This is equivalent to

~ N—-K
aé:niJ_P‘f‘TniléN&M- (19)

N
R m
WhereO(:I—<NI'IiL Z (t’ﬁ®tn)(t?§®tn)HniL>-
n=K+1

It may be shown that

~ P 1 i
0d——a=(I-——TI
N—oo ( m+1 I)7

where’: denotes the convergence in probability.

Therefore, @ may be replaced bya in (19) without
affecting the asymptotic distribution @ By noticing that

m
ad=——
m+1"’
(19) leads to
m+1 m—+1N-—-K
0= Ni'p+ ONSCM 5

N

where the identityH dygom = 0 has been used.

SinceAgp = E[Mgp — M] = E[MY2ARM?/?], the previ-
ous equation leads to theorem 3.2 which concludes the proof.

Starting from this general result, the additive bias
obtained in the data contamination model can easily be
calculated, using a similar method as in the NSCM case.
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