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Metric learning



Metric learning

Supervised regime with K classes: {(x i , yi )}ni=1.

Metric learning

Find a Mahalanobis distance

dA(x i , x j) =

√
(x i − x j)TA−1(x i − x j)

relevant for classification problems.

A ∈ S++
p the set of p × p symmetric positive definite matrices.

{
x i

}

(a) Raw data

{
A− 1

2 x i

}

(b) Whitened data 2/16



Information-Theoretic Metric Learning (ITML)

Set S : nS pairs (x l , xq) with yl = yq.

Set D: nD pairs (x l , xq) with yl ̸= yq.

ITML minimization problem

Given A0 ∈ S++
p , and u, v > 0

minimize
A∈S++

p

Tr(A−1A0) + log |A|

subject to d2
A(x l , xq) ≤ u, (x l , xq) ∈ S

d2
A(x l , xq) ≥ v , (x l , xq) ∈ D

Interpreted as a covariance estimation problem

For A0 =
1
m

∑m
i=1 x ixT

i , it is the minimization of the Gaussian negative

log-likelihood under constraints.
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Geometric Mean Metric Learning (GMML) (1/2)

Minimization problem

minimize
A∈S++

p

1

nS

∑
(x l ,xq)∈S

d2
A(x l , xq) +

1

nD

∑
(x l ,xq)∈D

d2
A−1(x l , xq)

GMML Algorithm

A−1 = S−1#tD = S− 1
2

(
S

1
2 DS

1
2

)t

S− 1
2 with t ∈ [0, 1]

S = 1
nS

∑
(x l ,xq)∈S(x l − xq)(x l − xq)

T

D = 1
nD

∑
(x l ,xq)∈D(x l − xq)(x l − xq)

T .

A−1 is the Riemannian interpolation on S++
p between S−1 and D.

In practice, works well for t small, i.e. A ≈ S .
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Geometric Mean Metric Learning (GMML) (2/2)

Assumption

Data points of each class are realizations of independent random

vectors with class-dependent first and second order moments

xkl
d
= µk +Σ

1
2

k ukl ,

with µk ∈ Rp, Σk ∈ S++
p , E[ukl ] = 0 and E[ukluT

kq] = I if kl = kq, 0p
otherwise.

Interpreted as a covariance estimation problem

E[S] = 2
K∑

k=1

πkΣk

where {πk} are the classes proportions.

Thus, in practice

E[A] ≈ 2
K∑

k=1

πkΣk .
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Robust Geometric Metric

Learning



Robust Geometric Metric Learning (RGML)

Proposed general formulation

minimize
(A,{Ak})∈(S++

p )K+1

K∑
k=1

πkLk(Ak)︸ ︷︷ ︸
negative log-likelihood

+λ

K∑
k=1

πkd
2
S++
p
(A,Ak)︸ ︷︷ ︸

cost function to compute
the center of mass of {Ak}

where dS++
p

is the Riemannian distance on S++
p

d2
S++
p

(A,Ak) =
∥∥∥logm(

A− 1
2 AkA− 1

2

)∥∥∥2
F
.
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Robust Geometric Metric Learning (RGML)

Set Sk : nk pairs (x l , xq) with yl = yq = k.

Gaussian negative log-likelihood

LG ,k (Ak ) =
1

nk

∑
(x l ,xq)∈Sk

(x l − xq)
TA−1

k (x l − xq) + log |Ak |

minimized for

Ak =
1

nk

∑
(x l ,xq)∈Sk

(x l − xq)(x l − xq)
T

Tyler cost function

LT ,k (Ak ) =
p

nk

∑
(x l ,xq)∈Sk

log
(
(x l − xq)

TA−1
k (x l − xq)

)
+ log |Ak |

minimized for

Ak =
1

nk

∑
(x l ,xq)∈Sk

p

(x l − xq)TA−1
k (x l − xq)︸ ︷︷ ︸

weight of (x l−xq)

(x l − xq)(x l − xq)
T
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Robust Geometric Metric Learning (RGML)

Gaussian RGML

minimize
(A,{Ak})∈(S++

p )K+1
hG (A, {Ak}) =

K∑
k=1

πkLG ,k(Ak)︸ ︷︷ ︸
Gaussian negative

log-likelihood

+λ

K∑
k=1

πkd
2
S++
p
(A,Ak)

Tyler RGML

minimize
(A,{Ak})∈(SS++

p )K+1
hT (A, {Ak}) =

K∑
k=1

πkLT ,k(Ak)︸ ︷︷ ︸
Tyler cost function

+λ

K∑
k=1

πkd
2
S++
p
(A,Ak)

where SS++
p =

{
Σ ∈ S++

p : |Σ| = 1
}
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Riemannian geometry and

optimization



What is a Riemannian manifold ?

M

TθM

θ

ξ

η
α•

Figure 2: A Riemannian manifold.

Curvature induced by:

• constraints, e.g. |Σ| = 1,

• the Riemannian metric, e.g. on S++
p :

⟨ξ,η⟩MΣ = Tr(Σ−1ξΣ−1η).

Examples of Riemannian manifolds M:

• linear space (no constraints): Rp×p

• orthogonality constraints: Stp,k = {U ∈ Rp×k : UTU = I k}
• positivity constraints: S++

p = {Σ ∈ Sp : ∀x ̸= 0 ∈ Rp, xTΣx > 0}
• positivity constraints: SS++

p = {Σ ∈ S++
p : |Σ| = 1}

• rank constraints: S+
p,k = {Σ ∈ S+

p : rank(Σ) = k}

• norm constraints: Sp2−1 = {X ∈ Rp×p : ∥X∥F = 1}
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Optimization on a manifold

M

•
minimum

•
θ0

Tθ0M

−∇M f (θ0)

• θ1
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Robust Geometric Metric Learning (RGML)

Chosen Riemannian metric on
(
S++
p

)K+1
and

(
SS++

p

)K+1

∀ξ = (ξ, {ξk}) , η = (η, {ηk}) in the tangent space

⟨ξ, η⟩(A,{Ak}) = Tr
(
A−1ξA−1η

)
+

K∑
k=1

Tr
(
A−1

k ξkA
−1
k ηk

)
=⇒ the minimization problems are strongly geodesically convex

=⇒ unique global minimum and fast Riemannian gradient descent
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Robust Geometric Metric Learning (RGML)

θ = (A, {Ak}), α a step size

Iterations of Gaussian RGML: minimization of hG

θℓ+1 = R
(S++

p )K+1

θℓ︸ ︷︷ ︸
retraction on (S++

p )K+1

(
− α ∇(S++

p )K+1

hG (θℓ)︸ ︷︷ ︸
Riemannian gradient of hG

)

Iterations of Tyler RGML: minimization of hT

θℓ+1 = R
(SS++

p )K+1

θℓ︸ ︷︷ ︸
retraction on (SS++

p )K+1

(
− α ∇(SS++

p )K+1

hT (θℓ)︸ ︷︷ ︸
Riemannian gradient of hT

)
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Application



Robust Geometric Metric Learning (RGML)

Application to datasets from the UCI Machine Learning Repository
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Figure 3: Left: cost function versus the number of iterations. Right: gradient

norm versus the number of iterations. The optimization is performed on the

Wine dataset.
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Robust Geometric Metric Learning (RGML)

RGML + k-NN on datasets from the UCI Machine Learning Repository

Wine Vehicle Iris

p = 13 , n = 178, K = 3 p = 18, n = 846, K = 4 p = 4, n = 150, K = 3

Method Mislabeling rate Mislabeling rate Mislabeling rate

0% 5% 10% 15% 0% 5% 10% 15% 0% 5% 10% 15%

Euclidean 30.12 30.40 31.40 32.40 38.27 38.58 39.46 40.35 3.93 4.47 5.31 6.70

SCM 10.03 11.62 13.70 17.57 23.59 24.27 25.24 26.51 12.57 13.38 14.93 16.68

ITML - Identity 3.12 4.15 5.40 7.74 24.21 23.91 24.77 26.03 3.04 4.47 5.31 6.70

ITML - SCM 2.45 4.76 6.71 10.25 23.86 23.82 24.89 26.30 3.05 13.38 14.92 16.67

GMML 2.16 3.58 5.71 9.86 21.43 22.49 23.58 25.11 2.60 5.61 9.30 12.62

LMNN 4.27 6.47 7.83 9.86 20.96 24.23 26.28 28.89 3.53 9.59 11.19 12.22

Proposed - Gaussian 2.07 2.93 5.15 9.20 19.76 21.19 22.52 24.21 2.47 5.10 8.90 12.73

Proposed - Tyler 2.12 2.90 4.51 8.31 19.90 20.96 22.11 23.58 2.48 2.96 4.65 7.83

Table 1: Misclassification errors on 3 datasets: Wine, Vehicle and Iris.

Mislabeling rate: percentage of labels randomly changed in the training set.

Github: https://github.com/antoinecollas/robust_metric_learning
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Conclusion

Theoretical contributions:

• new interpretation of GMML algorithm...

• new g-convex optimization problem in metric learning: Gaussian

RGML and Tyler RGML.

Application to real datasets from the UCI repository: RGML is fast,

performant and robust to mislabelling.
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