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Motivations Motivations

Motivations

Many signal processing applications require the estimation of statistical parameters such as the
covariance matrix of received data.
Classically, data are considered to be Gaussian

@ The Maximum Likelihood Estimator (MLE) is the Sample Covariance Matrix (SCM).
@ Itis easy to manage and has well-known statistical properties.

However, studies show that :
@ high resolution techniques provide data which do not have a Gaussian behavior.
@ Outliers and other parasites are not been taken into account with this model.
@ The SCM can give poor results as soon as data are not completely Gaussian.

@ We need a more flexible and adjustable model to take into account most of the contexts.
@ Unless the corresponding MLE can be obtained, we need, a robust family of estimators.
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Motivations Presentation outline

Presentation outline

0 Statistical modelling and associated estimators in signal processing
@ Classical assumption
@ Compound-Gaussian distributions
@ Complex elliptical distributions

e Robustness Theory
@ Gross error model
M-estimators
Robustness Criteria
Application of the robustness criteria to the studied estimators
lllustration of the BP on a MUSIC application

© Asymptotic Performance
@ Asymptotic distribution of the studied estimators
@ Particular property of the asymptotic performance
@ |llustration with the MUSIC method

e Applications : detection problem in adaptive processing
@ Context
@ Performances of the ANMF with different estimators
@ Spatio-Temporal Adaptive Processing

e Conclusion and prospects
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Statistical modelling and associated estimators in signal processing

Outline

0 Statistical modelling and associated estimators in signal processing
@ Classical assumption
@ Compound-Gaussian distributions
@ Complex elliptical distributions
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Statistical modelling and associated estimators in signal processing Classical assumption

Statistical modelling and associated estimators in signal processing

Classical assumption

Traditionally, data are assumed to be (circular) complex Gaussian.

Gaussian distribution

Let z be a complex circular random vector of length m. z has a complex Gaussian distribution if its
probability density function (pdf) can be written

fo(2) = Tr,%mexp (- (z-wH= "z —u)) (1)

where p is the statistical mean and X is the covariance matrix.

This complex Gaussian distribution will be denoted CN (s, X).
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Statistical modelling and associated estimators in signal processing Classical assumption

Statistical modelling and associated estimators in signal processing

Classical assumption

The MLE of the Gaussian distribution is the SCM.

The classical covariance matrix estimator : the SCM

Assuming that (z1, 2o, ...zy) is a N-sample of independant complex Gaussian vectors of length m
and zero mean, the SCM is

N
= 1
Tsom = 5 2_ZnZn- @
n=1

@ It is easy to manage,
@ and has well-known statistical properties.
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Statistical modelling and associated estimators in signal processing Compound-Gaussian distributions

Statistical modelling and associated estimators in signal processing

Compound-Gaussian distributions

A better modelling of the data : Compound-Gaussian Vector (GCV)

The GCV c¢ can be written :
c =7z (3)
where
@ 7, the texture, is a scalar positive random variable.

@ z, the speckle, is a m-dimension random circular complex Gaussian vector with zero mean
and covariance matrix X.

The data are considered locally Gaussian, with a spatially variable power.

This Complex Compound-Gaussian distribution will be denoted CCG(0, %, 7).
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Statistical modelling and associated estimators in signal processing Compound-Gaussian distributions

Statistical modelling and associated estimators in signal processing

Compound-Gaussian distributions

The MLE depends on 7 which is often unknown. Therefore, an approached MLE is mostly used.

The Fixed Point Estimator (FPE)

Let (cq, ...,cn) be a N-sample of GCV. The FPE is defined as the unique solution, up to a scale
factor, of the equation :

N H
= m cn.C
Sepe = I3 CnCn )
N Hy~1
n=1Cn XFpECn

@ Also known as Tyler’s estimator.
@ The existence and uniqueness of the solution has been proven (F. Pascal 2006).

@ This estimator is unbiased , consistent and asymptotically complex Gaussian when data are
GCV.
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Statistical modelling and associated estimators in signal processing Complex elliptical distributions

Statistical modelling and associated estimators in signal processing

Complex elliptical circular distributions

A more general model : complex elliptical distributions

Let z be a complex circular random vector of length m. z has a complex elliptical distribution if its

pdf can be written

z— (2) = e g2"EI g (@ - WMET 2 m)). 5)
where g : [0, 00) — [0, c0) is the density generator such as (5) defines a pdf and ¢z, 4 is @
normalization constant. p is the statistical mean and X the scatter matrix (proportional to the
covariance matrix if it exists).

This complex elliptical distribution will be denoted CE(p, X, g)
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Statistical modelling and associated estimators in signal processing Complex elliptical distributions

Statistical modelling and associated estimators in signal processing

Complex elliptical circular distributions

The MLE of the elliptical distributions depends on the density generator g.

MLE of elliptical distributions

Let (z4, ...,2zy) be a N-sample of independant complex elliptical vectors such as z; ~ C£(0, X, g)
for i = 1...N. The MLE of X can be written,

- 1Y
T =+

1
- 9@z yz)_ 4
N2 e 1\ G
=1 9(zZyL i)

14 (6)
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Statistical modelling and associated estimators in signal processing Complex elliptical distributions

Statistical modelling and associated estimators in signal processing

= SCM for Gaussian distributions

N

< 1

Tsom = N E znz))
n=1

Elliptical distributions

Q

FPE for Compound-Gaussian distributions

N

s _m cn.cH
FPE = NE =
n=1Cn ZFpeCn

MLE

= depend on g for elliptical distributions
1 X g @ Emz), .
Tm=y H’A,1 2z
=1 9z Xy z)
Elliptical distributions provide a more general model, but the MLE can not be used if g is unknown.

Estimators which are robust all over elliptical distributions, must be used.
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Robustness

Outline

e Robustness Theory
@ Gross error model
@ M-estimators
@ Robustness Criteria
@ Application of the robustness criteria to the studied estimators
@ |llustration of the BP on a MUSIC application
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Robustness Gross error model

Robustness Theory
Gross error model (Huber, 1964)

Given a distribution model G, the real distribution F, is in the neighborhood of the model :

F=(1-¢)G+eH

e 0<ex1
@ His an unknown distribution

Robust estimator
@ gives good results* when the distribution is G
@ and all over F.

*bias controlled or negligible, low asymptotic variance.
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Robustness M-estimators

Robustness Theory

M-estimators

M-estimators are a robust generalization of MLE.

M-estimators

Let (z4,...,zy) be an N-sampling of complex independant circular random vectors of length m. We
assume thatz; ~ CE(0,X,g)), i =1, ..., N. The complex M-estimator of X is defined as the
solution of

;N
Vy = N;u<zﬁvljzﬁ> 22!, )

Existence and uniqueness of the solution has been shown in the real case, provided weight
function u satisfies a set of general assumptions (Maronna, 1976). Ollila (2003) has shown that
these conditions hold also in the complex case.

Link with the scatter matrix

LetV = E [u(z’V~'2z) zz'] where z ~ CE(0, X, g).

The previous assumptions been respected,
- This equation admits a unique solution V and V = o, where o is given by Tyler(1982),
- A simple iterative procedure provides Vy,
- Vy is a consistent estimate of V.
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Robustness M-estimators

Robustness Theory

Examples of M-estimators

The SCM is not a M-estimator since K is infinite.

SCM
u(r)

The FPE is not a M-estimator since u is not defined in zero.
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Robustness M-estimators

Robustness Theory

Examples of M-estimators

Huber’'s M-estimator

Is such as its weight function is :

1 1
U(S) = Bsrg]gl(‘h a/S), = E <15§a + :ﬂs>a) ) (8)

It is a mix between the SCM and the FPE.

u(n u(n

s

scMm 1 FPE °  HUBER

Parameters a and 3 enable to adjust the proportion of data processed with the SCM or the FPE.
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Robustness M-estimators

Robustness Theory

Huber’s M-estimator

Gaussian context settings :
@ q : proportion of data, treated as Gaussian and processed with the SCM.
@ 1 — g : proportion of data processed with FPE.
@ s=2z/A~"z, has a x? distribution with 2m degrees of freedom.

We can write
q= F2m(23)

where F,,(.) is the cumulative distribution function of a x? with 2m degrees of freedom.
B is set such as o = 1 and verifies
Eloy(|t?)] = m

where t ~ N(0,.1,1m) and ¢(s) = s.u(s). This leads to

1-¢q
ﬂ:F2m+2(23)+a m

In the elliptical case, similar computations can be done.
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Robustness Robustness Criteria

Robustness Theory

Robustness Criteria

The Influence Function (IF)
Measures the effect of an infinitesimal disturbance at a given point :
v ((1 — )G+ gszo) —V(G)

g

©)

IFy,G(2z0) = E"L“O

with &z, the Dirac in zg and G the nominal distribution.
An estimator is robust according to the IF if its IF is continuous and bounded.

The Breakdown Point (BP)

Global criterion which describes how far from a model, the actual distribution can be, the estimator
still giving some information on the estimated parameter.

Given the gross error model F = (1 — )G + ¢H,

the BP is such as for ¢ < BP the eigenvalues of V(F) remain strictly positive and bounded.
BP< 3

The asymptotic bias by g 1

Bias between the eigenvalues of V(F) and V(G), for each e < BP. The maximum asymptotic bias
is the maximum over all distributions H.
An estimator is robust according to the asymptotic bias if by g 4 is close to 1.

v
MM (SONDRA, ONERA, SATIE) Robust Covariance Matrix Estimation in Signal Process 6/12/12 17/ 44




Robustness Application of the robustness criteria to the studied estimators

Robustness Theory

Application of the robustness criteria to the studied estimators

The SCM
@ The IF is continuous but unbounded*.
@ BP=0
@ The asymptotic bias depends on the power of the outlier*.

This estimator is not robust.

The M-estimators
@ The IF is continuous and bounded (Qllila).
1
e BP < —
m
@ The maximum asymptotic bias depends on the weight function. Tables can be found.

This estimator is more robust.

* An intermediate result is presented in a paper (Mahot 2010, Conference EUSIPCO).
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Robustness Application of the robustness criteria to the studied estimators

Robustness Theory

Application of the robustness criteria to the studied estimators

The FPE
@ The IF is continuous and bounded*.

1
@ BP = —**,

m
@ The maximum asymptotic bias depends only on m and £**.

This estimator is the most robust.

* An intermediate result is presented in a paper (Mahot 2010, Conference EUSIPCO).
** The expression and proof is in the final manuscript.
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Robustness lllustration of the BP on a MUSIC application

lllustration of the BP on a MUSIC application

The MUSIC Method

Let us consider a Uniform Linear Array (ULA) with m sensors and p < m sources. This ULA
receives a narrow band signal :
(1) = A(6o)s(t) + b(t)

with

@ 6p=(61 6 ... 6p) T with 0 the angle of the kth signal,
@ A(6p) = (a(61) a(62) ... a(bp)), containing the directional vectors,
@ s(t) = (s51(t) sa(t) ... sp(1)) T vector of the source signals,

@ b(t), additive stationnary noise with zero mean. The vectorsb(t) are independant.

The covariance matrix is
R = A(0)ss"A"(0) + 021 = > \ecef = EsASEY + 0°EqEY,

with
@ e the eigenvector associated to .
@ E; = [eq ... ep] generating the signal subspace.

@ E; = [epyq - - . .em] generating the noise subspace(p < m).
The angles of the arriving signals are given by the maxima of
Visic(®) =
MUSICRZT ™ aH(0)EqEFa(6)

MM (SONDRA, ONERA, SATIE) Robust Covariance Matrix Estimation in Signal Process 6/12/12

20/44



Robustness lllustration of the BP on a MUSIC application

lllustration of the BP on a MUSIC application

Application

We consider a ULA with
@ m = 3 sensors,
N = 1000 independant samples,
a Gaussian stationary signal with DOA 20°,
a Gaussian white additive noise (SNR=3dB).

A proportion ¢ of vectors is replaced by outliers corresponding to a Gaussian stationnary
signal of DOA 60°.

Outliers with different powers are represented

® 6 6 o
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Robustness

lllustration of the BP on a MUSIC application

lllustration of the BP on a MUSIC application

Application

Angle estime en degres

s w5 = w %
Pourcentage de donnees perturbees

BPSCM =0
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Angle estime en degres
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£
B

15/
D s

BPppg— =
m

P o s

o 15 0 25 a0 o8
Pourcentage de donmnees perturbees

1
BPpyber = 22% < m
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Asymptotic Performance

Outline

© Asymptotic Performance
@ Asymptotic distribution of the studied estimators
@ Particular property of the asymptotic performance
@ |llustration with the MUSIC method
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Asymptotic Performance Asymptotic distribution of the studied estimators
Asymptotic Performance

When data are complex elliptical, the asymptotic distributions of the studied estimators can be
written

VNveo(E — £) - GCN (02,4, A, )

where GCN is the general complex Gaussian distribution, A the covariance matrix and Q the
pseudo-covariance matrix.

SCM
For Complex Gaussian data, A = (£7 @ £) Q@ = (£7 ® X)K, where K is the commutation matrix.

FPE

For Compound-Gaussian data,

m+1

T g H
A= ——|(E' ® £) — —vec(X)vec(X) Q=
m m

m+1
m

():T ® I)K — lmvec():)vec():)T

Complex M-estimators*

For complex elliptical distributions,

A=01ET ® T + opvec(E)vec(X)H, Q= oy(X7 @ T)K + gpvec(X)vec(E),

* Result accepted with major comments in IEEE SP-T.
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Asymptotic Performance Asymptotic distribution of the studied estimators

Asymptotic Performance

Particular Property

@ Let X be a fixed hermitian positive-definite matrix and X a sequence of symmetric positive
definite random matrices of order m which satisfies

VN (vec(Ey — X)) -L geN (o,,,z,1 A, sz) ,
with
A=uXT @5 4 mpvec(E)vec(XZ)! Q=11 (Z7 @ )K 4 vpvec(E)vec(E),

where vy and v, are any real numbers.

@ Let H(X) be a r-dimensional multivariate function on the set of m x m complex hermitian
positive-definite matrices, possessing continuous first partial derivatives and such as
H(X) = H(aX) for all o > 0.
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Asymptotic Performance Asymptotic distribution of the studied estimators

Particular property

Link with the studied estimators

The asymptotic distribution of H(Xy) is given by*

VN (H(EN) — H(E)) -2 GCN (0,1, Ay, Q) -

where
A= H(E)ET@D)H(Z)H Q= H(Z)ET @ D)KH'(Z)T,
dH(V
and H'(V) = <dveé(3)>

This result has been obtained by Tyler in the real case and we have extended it to the complex
elliptical case.

Link with the studied estimators

@ The SCM verifies the conditions and vy = 1 in the Gaussian context.

m+1. .
@ The FPE verifies the conditions and vy = = in the Compound-Gaussian context.

@ The M-estimators verifie the conditions and vy = o in the complex elliptical context.

* Result accepted with major comments in IEEE SP-T..
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Asymptotic Performance lllustration with the MUSIC method

Asymptotic Performance
lllustration with the MUSIC method

We consider a ULA with
@ m = 3 sensors,
@ a Gaussian stationary signal with DOA 20°,

@ a Gaussian white additive noise in the first figure, and a K-distributed additive noise of
parameter v = 0.1 in the second figure (SNR=5dB/sensor).

@ The x-axis gives the number N of independant data used to estimate the covariance matrix.
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Asymptotic Performance lllustration with the MUSIC method

- - -scMm 0
\ Huber
osb : : P . -1
-0 X FP avec (m+1)/m données
b\ + Huberavec, N données
3

o 1
2
2
5
3 -12
g

L L L L L L L L
50 100 150 200 250 300 350 400 450 500
Nombre d'échantillons

150 200 250 300 350 400 450 500

MSE of the DOA estimated with the SCM, roeaseniers
Huber and the FPE, with Gaussian white MSE of the DOA estimated with the SCM,

m-+1 Huber and the FPE, K-distributed additive
additive noise. o1 1066, T ~ 1,33 noise of parameter 0.1.

@ Gaussian case : same results up to a scale factor.
@ Non-Gaussian case : FPE and M-estimators give better results. J
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Applications : detection problem in adaptive processing

Outline

e Applications : detection problem in adaptive processing
@ Context
@ Performances of the ANMF with different estimators
@ Spatio-Temporal Adaptive Processing
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Applications : detection problem in adaptive processing Context

Context

Binary hypothesis test

Hy:z=c¢c zi=c¢; i=1,..,N
Hi:z=s+c¢ z,=c¢; i=1,.,N
with
@ s = Ap the complex known signal characterizing the target. A is the amplitude of the signal
an p the steering vector containing all the other information
@ c the additive noise (clutter),

@ z; the observation vectors. They are assumed i.i.d.

The purpose of the detection is to decide which hypothesis is the more likely to be true.

The Adaptive Normalized Match Filter (ANMF)
P22
(pHM-1p)(zHM~12)

AM|2) =
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Applications : detection problem in adaptive processing

Performances of the ANMF with different estimators

Application : detection problem in adaptive processing

Performances of the ANMF with different estimators

Here the function H(.) of the particular property, is such as H(M) = A(M|z) = A(aM|2)

Variance of A

—sCM

Huber
4+ Huber with o, N data

100

200 300 400 500 600 700 800 900 1000

Number of snashots N

Variance of the ANMF detector for Huber
estimate and the SCM. Additive white
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Gaussian noise. Here o1 = 1.067.

Variance of A

107
0

Variance of the ANMF detector for Huber
estimate and the SCM. Additive K-distributed

var(Agu), v = 0.01

var(Asca)., v = 0.01

+ovar(Agrad, v = 0.1

——var(Ascu), v = 0.1

100

200

300 400 500 600
Number of snapshots N

noise
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700 800 900 1000
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Applications : detection problem in adaptive processing Performances of the ANMF with different estimators

Second example : Pg,-threshold relationship
Background

Probability of false alarme (Pg,)

Probability of detecting a signal in the noise only case.

Pr-threshold relationship
In the Gaussian case and with the SCM, it is known to be :

Pa=(1-2)"2F(aa—1;b—1;}), (10)
where
a=N-—m+2,b=N+2
and » F; is the Hypergeometric function defined as
I'(c) F(a+ K)Ir(b+ k)x
Fi(a, b; c; x)
2F( T T@r(b) & Z r(ctk) K
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Applications : detection problem in adaptive processing Performances of the ANMF with different estimators

Second example : Pg-threshold relationship

Generalization

Generalization*
@ For any estimator verifying the conditions of the particular property,
@ any complex elliptically distributed signal
@ and for N large enough
the Pg,-threshold relationship is still given by (10) if we replace N by N/v;.

* Result published in a conference (Mahot 2012, conference SAM).
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Applications : detection problem in adaptive processing Performances of the ANMF with different estimators

Application : detection problem in adaptive processing

llustration of the approached Py,-threshold relationship

m
In the case of the FPE, for N large enough equation (10) stands by replacing N by m7+1N' In the
case of M-estimators, N must be replaced by N/oy.

14 - - - - ‘ :%C{\)[
—sCM o9 «_Huber avee o, N donnees
120 —FP 1 0.81 q
+ FP avec %N donnees 07l
;
0.6
08 o
n_ﬁ 04
0.6F
031
0.4r 0.2]
0.1
0.2F R R R R R R R .
uﬂ 0.1 0.2 03 04 05 06 07 08 09
R R . R Seuil de detection A
0 0.2 04 06 0.8
seuil de detection A Pra-threshold curve obtained with
P,-threshold curve obtained with @ the SCM and Huber’'s M-estimator with
@ the SCM and the FPE with N = 10 data, N =10 data,
@ the FPE with ™' N ~ 13 data. @ Huber's M-estimator with oy N ~ 12 data.
m
White Gaussian noise. m = 3. White Gaussian noise, o1 = 1.23, g = 0.25 and

m=3.
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Applications : detection problem in adaptive processing Spatio-Temporal Adaptive Processing

Application of different estimators to Space Time Adaptive Processing

(STAP)

Presentation

@ STAP are used, to detect moving targets.

@ Instead of using space processing and time processing separatly, it uses the spatio-temporal

link between arriving signals.
@ Results in a better filtering of the noise and ground echo.

Spectre Doppler Azimut
du clutter

Filtre spatio temporel

du clutter sind Courbe de Performance MDV

(Minimum Detectable Velocity)

Space processing, time processing and space-time processing
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Applications : detection problem in adaptive processing Spatio-Temporal Adaptive Processing

Application of different estimators to Space Time Adaptive Process
(STAP)

Context

@ For one range bin (distance), 4 sensors receive 48 pulses.

@ The resulting steering vectors allow to detect the DOA and Doppler speed of potential targets.

@ the covariance matrix is estimated using the data of the over range bins.
@ The results of the detector is observed on one range bin.

5

Elévation : W

_Cellule d'étude

= Cellules de clutter (distance fixée)

Angle scanning for a side looking radar

MM (SONDRA, ONERA, SATIE) Robust Covariance Matrix Estimation in Signal Process 6/12/12

36/44



Applications : detection problem in adaptive processing Spatio-Temporal Adaptive Processing

Application of different estimators to Space Time Adaptive Process
(STAP)

Gaussian Background

@ Gaussian background (with no outlier).
@ Unique target of DOA 0°, Doppler speed V; = 4 m/s and range bin 256.

Detection of the target with the SCM

Spood (m/:

Detection of the target with Student’s

Detection of the target with Huber’s
M-estimator, v = 2

M-estimator, g = 0.6
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Applications : detection problem in adaptive processing Spatio-Temporal Adaptive Processing

Application of different estimators to Space Time Adaptive Process
(STAP)

Gaussian Background with outlier

@ Same background but with an outlier in the learning data : A second target with same DOA
and Doppler in a different range bin.

Detection of the target with the FPE

STAP ANMI_Student. Essai 1. burst 6. range bin 2

Detection of the target with Huber’s
M-estimator, g = 0.6

Detection of the target with Student’s
M-estimator, v = 2
6/12/12 38/44
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Applications : detection problem in adaptive processing Spatio-Temporal Adaptive Processing

Application of different estimators to Space Time Adaptive Process
(STAP)

non-Gaussian Background

@ (slightly) non-Gaussian data obtained by the SAR (Synthetic Aperture Radar)THR RAMSES.
@ Unique target with range bin 255, DOA 0° and Doppler speed V¢ = 4 m/s.

Detection of the target with Huber’s
M-estimator, g = 0.6

Detection of the target with Student’s
M-estimator, v = 2
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0 Statistical modelling and associated estimators in signal processing
@ Classical assumption

@ Compound-Gaussian distributions
@ Complex elliptical distributions

e Robustness Theory
@ Gross error model
@ M-estimators
@ Robustness Criteria
@ Application of the robustness criteria to the studied estimators
@ |llustration of the BP on a MUSIC application

© Asymptotic Performance
@ Asymptotic distribution of the studied estimators

@ Particular property of the asymptotic performance
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Conclusion and prospects

Conclusion

@ The classical Gaussian modelling and its MLE the SCM, giving often poor results, more
general models have been studied (GCV, elliptical distributions).

@ Since the exact distribution of the data is unknown, the MLE can not be used. Estimors which
are robust all over a class of distribution have been studied

@ The asymptotic performance of these estimators has been studied. A particular property with
interesting consequences has been highlighted.

@ These results have been illustrated with the detection problem and with STAP data.
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Prospects

The FPE and M-estimators could be used in many signal processing applications, for more robust
results. However, some problems remain :

@ Non-stationnary data case.

@ The FPE or the M-estimators give bad results if there is not enough data.
(structure of the matrix, low rank techniques)

@ The robustness of the FPE and the M-estimators decreases with the dimension of the vectors.
(other estimators, random matrix)

This study could be generalized to applications where the joint estimation of the mean and
covariance matrix is needed.
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Thank you for your attention.
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